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Abstract

In an It6-diffusion market, two fund managers trade under relative performance concerns. For
both the asset specialization and diversification settings, we analyze the passive and competitive
cases. We measure the performance of the managers’ strategies via relative forward performance
criteria, leading to the respective notions of forward best-response criterion and forward Nash
equilibrium. The motivation to develop such criteria comes from the need to relax various crucial,
but quite stringent, existing assumptions - such as, the a priori choices of both the market model
and the investment horizon, the commonality of the latter for both managers as well as the full
a priori knowledge of the competitor’s policies for the best-response case. We focus on locally
riskless criteria and deduce the random forward equations. We solve the CRRA cases, thus
also extending the related results in the classical setting. An important by-product of the work
herein is the development of forward performance criteria for investment problems in Ito-diffusion
markets under the presence of correlated random endowment process for both the perfectly and
the incomplete market cases.
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1 Introduction

Relative performance is of tantamount importance in both the mutual and hedge fund management
industries. It impacts a variety of factors spanning from a company’s reputation and net cash inflows
to the incentive structure and promotion schedule for its managers. Such facts have been very well
documented in the finance practice and have been extensively studied in academic research (see,
among others, [17, 18, 26, 36, 58]).

While classifying the various kinds patterns of relative performance among managers is rather
complex (classification by sectors, asset riskiness, market conditions, business cycles and others),
there is a prevailing dichotomy based on asset specialization or asset diversification. In the former,
the competing managers specialize in distinct asset classes while, in the latter, they invest in common
ones.

Asset specialization stems from a variety of reasons like familiarity with a certain sector, reduction
of costs to enhance knowledge of new stocks, trading costs and constraints ([15]), liquidity costs ([62]),
and ambiguity aversion ([16, 46]). The above evidence has been well established in the empirical
literature ([19, 23, 32]) and has been incorporated in several theoretical models ([2, 25, 42, 61]; see
also [7, 19, 32, 42, 43, 59, 60, 62]).

In asset diversification, the motivation is mainly to increase the net money inflows from clients
([10, 20]). This setting is also more suitable to model relative performance concerns against a given
benchmark portfolio (typically, a mix of asset classes). In a different direction, asset diversification
also occurs in delegated portfolio management, where the role of one manager is replaced by the client
([55]). In a related family of models, it also appears in the so-called “catching up with the Joneses”
literature (see [1, 28]).

Relative performance has been also considered in terms of how each manager reacts to the per-
formance of a competitor. This interaction can be passive (best-response) in that the manager takes
the competitors’ policies as given (arbitrary but fixed) and trades accordingly, without any further
interaction (see, among others, [17, 36, 38]). On the other hand, interaction may be also competitive,
when managers compete with each other dynamically while investing among the various accounts
([18, 26)).

Whether managers compete within the same or different asset classes and/or interact in a passive
or competitive manner, there are common underlying assumptions that limit the generality and ap-
plicability of the existing studies. The aim herein is to revisit some of these assumptions, propose an
alternative approach, study the related optimization problems and develop a comparative study with
previous works. We are motivated to do so not only by theoretical and conceptual arguments but,
also, by various recent empirical works that point out to strong dependencies of the observed policies
to dynamically evolving factors, a dependency that cannot be explained in traditional settings; see,
for example, [31, 36], where the effects of the current (and possibly non-anticipated) phase of the
market on the managers’ behavior is discussed.

The first such assumption, ubiquitous for solving all underlying expected utility problems, is
that the market model is a priori chosen for the entire duration of the investment activity (see, for
example, [9, 13]). This is, however, rather unrealistic since model error and model decay always
occur. Of course, genuinely dynamic model revision may be incorporated (for example, in the context
of adaptive control), but then, intertemporal consistency is violated. We also note that even in the
popular robust case, widely used to remedy model uncertainty and ambiguity, there is a stringent
underlying assumption that the plausible family of models is itself a priori chosen. Similar restrictions
are also present in filtering, in that the associated observation process is also pre-chosen.

The second assumption is related to the investment horizon choice. In all existing works, it is
assumed that the horizon is i) a single one (finite or infinite), ii) a priori chosen and iii) common
across competitors (see, for example, [9, 13, 39]). In practice, however, this is not the case. While it
is customary for managers to report their performance at common standardized time intervals (e.g.
quarterly, annually), they almost always have internal sub-horizons that depend on company-related
factors and which are themselves difficult to model. Furthermore, even if a common horizon is a priori
chosen, the investment activity does not stop at this specific pre-assigned time, as managers always



roll their positions from one investment horizon to the next. One could then argue that managers
apply the same (or very similar) goals for the upcoming period. This, however, is not supported by
existing empirical evidence which shows that managers always adapt their goals in a rather complex
manner, depending on realized losses and gains, new upcoming (frequently unpredictable) market
conditions and others (see, for example, [1, 6, 11, 14, 21]).

The third assumption is related to managers’ interaction. It is always assumed that each manager
has full, and for the entire investment horizon, knowledge of the competitor’s policy, in that she knows
the stochastic process that models the investment policy she competes against. This modeling input
is needed in order to solve all associated expected utility problems but as an assumption, it is quite
unrealistic. Indeed, not only the manager cannot have such foreknowing skills for her competitor,
the competitor herself might not a priori know how her own strategy will be changing as the market
enfolds.

Herein, we propose a new framework aiming to remedy some of the shortcomings of these three
stringent assumptions. We make no specific assumptions about the market model besides a weak
structural one that the asset prices are Ito-diffusion processes whose coefficients adapt to the current
information (see (3)). We also make no specific assumption about any pre-specified investment hori-
zon, allowing for each manager to invest till personalized discretionary times. Finally, we make no
assumption on a priori choosing the stochastic process that yields the competitor’s policy. Rather, we
allow (besides mild integrability conditions) this policy to be dynamically revealed to her competitor.
For tractability, we only consider the case with two managers. The general case for N-managers as
well as the mean field game limit are left for future research®.

The new framework is built on extensions of the so-called forward performance criteria. Such
criteria, introduced by one of the authors and M. Musiela, and further developed by others (see
[47, 49] and [63]), are modeled as stochastic processes, say (U (x,t)),,, that adapt to the market
information, are (local) supermartingales along all admissible policies and (local) martingales along
an optimal policy. To characterize forward criteria in such markets, a stochastic PDE was proposed
in [50]. Depending on the choice of its volatility and structural parametrizations, various forms of
U(z,t) have been studied (see, among others, [5, 41, 57]). However, several questions remain open as
the underlying stochastic optimization problems are ill-posed, fully non-linear and degenerate.

To build forward criteria that allow for interaction - passive or competitive - between two decision
makers, we proceed as follows. Let us assume that each manager uses admissible policies o and g,
generating wealths X{* and Xzﬁ .

For the case of best-response, we introduce the best-response forward criterion for manager 1 as
a process Uy (x1,x2,t; 8) such that Uy (X§, Xg,t; B) is a (local) supermartingale for each admissible
policy o and becomes a (local) martingale, Up (X¢, Xg, t; 8), along an optimal a*. We stress that in
contrast to all classical cases, the competitor’s policy process ( is not pre-assumed. Rather it is being
revealed in “real time” and, in turn, the performance criterion U; (21, z2, t; 8) adapts to it dynamically.
The best-response forward criterion for manager 2, Us(x1, x2,t; ), is defined analogously, and with
the competitor’s policy process a also not a priori known.

For the case of competitive interaction between the managers, we introduce a forward Nash equilib-

rium criterion, consisting of two pairs (Ul(xl, Za2,t; B)i>0, (a;‘)t>0) and (Ug(acl, T, t; )e>0, (B;‘)t>0>
such that Up (X¢, Xg, t; 8) and Uy (X, Xg*,t; a) are (local) supermartingales, and Uy (X9, Xf* L a®)
and Ug(Xf*,XQB ,t; %) are (local) martingales.

For each kind of interaction, based on best response or on competition, we analyze both the asset
specialization and the asset diversification cases. Herein, we focus on forward criteria that are locally

1One may consider the case of infinite competitors and build the notion of a “forward” mean-field game (MFG).
However, constructing such a notion is not immediate as various concepts might not “carry over”, especially when there
is common noise and/or the forward MFG performance process has its own volatility in a general It6-diffusion setting.
To date, the proper definition of a forward MFG has not been produced, and neither the convergence of the forward
finite game to the forward MFG. Formally, one may mimic the definitions herein (see also [27]) and the ones in [39] for
the classical case, and calculate a special solution within the CARA functions (see [54]).



riskless processes, namely, of the form
AUy (z1, 2, t; B) = by (1, 22,t; B) dt and dUs(z1,z2,t; ) = ba (21, 29, t; ) dt, (1)

for suitable adapted processes (by (21, %2,t;5));~0 and (bz (z1,22,t;c0)),~,. We choose this class be-
cause, in the absence of relative concerns, locally riskless forward criteria were the first to be exten-
sively analyzed not only because of their tractability but, also, for the valuable intuition in terms of
numéraire choice, time monotonicity of preferences, dependence on market performance, and others
(see [50] for details).

Throughout, we model the market having one riskless bond and two risky securities representing
proxies of two asset classes. Such proxies have been consistently used in the literature (see, for example,
[9, 30, 37]). We model their prices as Itd-diffusion processes (cf. (3)) but we stress, once more, that
their coefficients are not a priori chosen but, rather, become known gradually, infinitesimally in time,
as the market evolves.

When managers invest in isolation, their wealths evolve as in (5) and in (36), (37), for the asset
specialization and diversification cases, respectively. Under relative performance, the competitor’s
wealth needs to be incorporated. One way to do this was proposed in [8, 9, 10, 37]), which we also
adopt herein. Namely, we introduce the relative wealth processes ()~(17t)t20 and ()N(Zt)tzo, with

where the competition biases 01,02 € [0,1] model the degree of relative performance considerations.

The limiting case 6; = 0 (resp. 02 = 0) expresses that manager 1 (resp. 2) is not at all concerned
with the output of the opponent. The other limiting case, §; = 1 (resp. 62 = 1) corresponds to the
traditional relative performance in terms of a benchmark (such as S&P500 index, collection of index
funds, and others; see, for example, the related discussion in [9, Section 1]).

The form of the relative state dynamics X; and Xs, see (9), (11) for the asset specialization and
(40), (42) for the asset diversification cases, prompts us to introduce “personalized” fictitious markets
and define the relevant forward criteria within. Informationally, the original and these virtual markets
do not differ but the forward criteria may have different characteristics, depending on the choice of
the modified state variables.

The above choice of X; and X, suggests to develop criteria of the reduced scaled form, namely,

Ui(z1, 22, 8) = Vi (il,t;ﬁ) and Us(w1,22,t;0) = V5 <$92,t;04> , (2)
Ty b
By = a1 /29, By = x9/2%2, for suitable processes (V; (#1,; B))¢>0 and (Va (Z2,t;0)),~ - Other forms
of relative criteria may be introduced depending on admissibility domains, type of risk preferences,
etc. (see, for example, additive cases in [13, 22, 24, 39]).

In the asset specialization case, neither manager may invest in the asset class of the competitor.
As a result, the market (be the original or the fictitious ones) is incomplete. Forward criteria for
incomplete markets have been developed before but only when incompleteness comes exclusively from
imperfectly correlated stochastic factors affecting the stocks’ dynamics (see, among others, [4, 40, 41,
57]). Herein, however, the kind of incompleteness is different, for it is generated by the specialization
constraints. These constraints alter the relative wealth processes X, and X, in a way that the related
dynamics may be interpreted as either including non-zero constrained allocations (cf. (9) and (11))
or, alternatively, having a stream with imperfectly correlated return (cf. (14) and (16)). The former
interpretation is closer to the original formulation herein. The latter has a different scope. It shows how
the forward criteria under asset specialization may be used to define analogous criteria for problems
with (imperfectly correlated) random endowment process (also called stochastic income stream). This
is a new class of forward criteria, not been considered so far.

We analyze both the best-response and the competition cases, and introduce the corresponding
best-response forward relative performance criteria. The definitions extend the original ones in [47].



We, in turn, derive a random PDE (cf. (17)) that the (locally riskless) criterion is expected to satisfy.
Its coefficients are adapted processes, and depend on both the market dynamics and the competitor’s
policies. In general, equation (17) is not tractable unless for the homothetic class, which we solve.
Nevertheless, its solution is used to derive and represent the optimal policies in a stochastic feedback
form (see (18)).

When dynamic competition is allowed, this naturally leads to the new concept of forward Nash
equilibrium, which we introduce in Definition 5. To derive the equilibrium policies, one needs to solve
a system of equations, in general intractable due to interdependent nonlinearities. The homothetic
case is solvable and we provide the relevant policies. Their form resembles the ones in the log-normal
case studied in [9], but it is now derived, under the new criteria, in the general Ito-diffusion setting.

In the asset diversification case, both managers invest in a common market. Their relative perfor-
mance concerns distort the original wealth processes (cf. (40) and (42)) which, as in the previous case,
leads to two distinct personalized fictitious markets, each depending on the individual competition
parameter and the policy of the opponent. Now, however, each of these markets is complete as invest-
ment is allowed in both stocks with modified risk premia. Forward criteria may, in turn, be defined as
in the asset specialization case and we focus again on locally riskless ones. The completeness of the
markets enables us to extend the results of [50] and characterize both the relative performance and
Nash equilibrium criteria, their optimal wealth and investment policies in full generality. The special
case of homothetic criteria is also analyzed.

Conceptually, the analyses of the asset specialization and the asset diversification cases are rather
similar, in terms of the associated fictitious markets and the optimality criteria. The fundamental
difficulty is in their (in)completeness which affects the tractability of the problem and the form of the
optimal policies. A key difference is that the locally riskless forward criteria in the asset diversification
case are always time-decreasing while, in the asset specialization case, they are not. We further
elaborate on this later on.

We conclude the introductory section mentioning that an underlying assumption herein - which is
also widely present in the classical literature - is that the managers have common information for both
the market and the opponent’s strategies; we refer the reader to [8, 11] for discussion of supporting
arguments for this assumption. While the access to such information is much more realistic in our
setting (as it occurs in “real-time”), the fact that both managers share common access to it is, in our
view, a rather stringent requirement. As the focus herein is to develop the new, forward framework
with relative performance, we also adopt this assumption. We provide ideas how to relax it and future
research in this direction in section 4.

The paper is organized as follows. In section 2 we present the asset specialization case and analyze
the forward best-response and the forward Nash equilibrium cases. In section 3, we analyze the asset
diversification case while in section 4 we conclude and comment on possible extensions.

2 Asset specialization and forward competition

The market consists of one (locally) riskless asset and two risky securities, representing proxies of
two distinct asset classes. The prices of the risky securities, (S1,¢),, and (S2,¢),-, are Ito-diffusions

solving
ds ds.
L~ ndt 4+ odWy and —2 = podt + oodWo, (3)
S1 Sy
with S1,0, 92,0 > 0. The processes (W1 t),~,,(Wa,),s, are standard Brownian motions on a filtered
probability space (€2, F, (Ft)i>0, P), with correlation coefficient p € (—1,1) and F; being the filtration
generated by (Wi, Ws). The market coefficients (1i¢),~,(7it);5q» @ = 1,2, are Fy-adapted processes
with values in R and R, respectively. The riskless asset is a money market account (By),, offering
positive interest rate (r;),~, an F;-adapted process. B
We denote this original market by M = (B, S1,S2). The related market price of risk processes,



(Al’t)tzo and ()\27t>t207 are given by

=77 and )\QZMZ_T, (4)
01 02

At

and assumed to be bounded processes, 0 < ¢ < A\, Ao < C < 00, t > 0, for some (possibly determin-
istic) constants ¢, C'.

In this market environment, we consider two asset managers, indexed by ¢ = 1,2. They specialize
in assets S7 and Sa, respectively, in that manager 1 (resp. 2) trades between the riskless asset and Sy
(resp. S2). However, both managers have access to the common filtration (F3),~ (as for for example
n [11] and [12]). -

We denote by (X1,4),~,(X2,t),~, the wealths of manager 1 and 2 and by (au),~, and (8;),~ the
corresponding self-financing strategies in assets S; and So. Then, (3) yields N -

X X.
% = g1a(\dt +dWy)  and % = 098 (Nadt + dW5) (5)
1 2

with X; 0 = a; > 0, i = 1,2; herein, X1, Xo, @, f are expressed in discounted (by the riskless asset)
units.

The set of admissible policies A; and As, of manager 1 and 2, respectively, are defined for () >0 =
(at)tzo ) (ﬂt)tzo 5 and i = 1, 2,

t
Aiz{wzﬂte}}, E{/ Uzswgds}<oo andXZ->0,t>0}. (6)
0

The wealth positivity constraint is in accordance to what is frequently observed in the asset man-
agement industry (for instance, mutual funds cannot have negative wealth). The measurability of
the individual investment policies reflects the access by both managers to the common information
generated by F; (see section 4 for a discussion on this assumption).

We work with relative wealth processes with competition parameters 6;,605 € (0,1] following the
framework of [8, 9, 60]). Specifically, if manager 2 follows an arbitrary strategy 5 € A generating
wealth X5, the relative wealth of manager 1, (Xl,t)tzm is defined as

- X,
Xy = Xigl’ (7)

with X; and X solving (5). Symmetrically, the relative wealth of manager 2, (Xz,t)tzo, given an
arbitrary strategy o € A; of manager 1 generating wealth X, is defined as
~ X5

As discussed in the introduction, we introduce three new modeling elements. Firstly, while we
make the structural model assumption (3), we do not pre-choose (at initial time) the processes p;,
0i,% = 1,2. Secondly, in a similar manner, we do not assume that the competitors’ policies, « and f,
are a priori chosen stochastic processes. Rather, each manager learns the market coefficients and the
opponent’s strategy as time enfolds. Thirdly, there is no pre-chosen investment horizon.

The biased benchmark processes (Xf?t)tzo and (Xglt)tzo solve, for 61,6 € (0,1],

dx? 1
)(1612 _ 0192a1 (()\1 — § (1 — 91) 0'104) dt + dWl)

and

axy 1
02 :Ugelﬂg (()\2—(1—91)0'25> dt+dW2> .
X5 2



In turn, the relative wealth X, satisfies

Cgl =0 (leﬁldt + dWl) — 096010 ( 5\1,2dt + dW2) ) 9)

and )~(170 = ml/xgl, x1, T2 > 0, with the processes (5\171775)20 and (;\1,27t)t20,
- ~ 1
)\171 = )\1 — p0291/3 and )\1,2 = )\2 - 50’2 (]. + 01) 6 (10)

Symmetrically, the relative wealth X, satisfies

X2 itsa (XQ,ldt + dWl) + 093 (det + dWQ) , (11)

Xo

and Xo o = %%, x1,22 > 0, with the processes (A2,1¢)r>0 and (A22.¢)¢>0,
ZEl - -

~ 1 ~
)\271 = )\1 — 50’1 (1 -+ 92) « and A272 = )\2 — pcrlﬁgoz. (12)

We may now interpret the relative wealth dynamics (9) as follows. In the original market M =
(B, S1,S52), manager 1 chooses (proportional) risky allocations («, 0) in securities S; and S, due to
specialization. In the relative formulation, it is as if she invests in a “personalized” fictitious market?

VERE (3,5’171,5’172> with (pseudo) stocks (S1.1.¢)r>0, (S1.2.¢)s>0 solving (in discounted units)

=01 (5\1)16[75 + dWl) and d;l,? = 02 ( Xl’gdt + dWQ) R (13)
1,2

dSh 1

1,1

with modified Sharpe ratios 5\1,1 and 5\1,2 defined in (10). In this virtual market, the original spe-
cialization constraint is not binding, as the manager may now invest in both risky securities, 5'171 and
5’172, with respective proportional allocations («, —613), with only « being controlled by manager 1.
The constrained allocation —613 depends on both managers’ characteristics, statically on the bias
parameter 67 (chosen by manager 1) and dynamically on S (chosen by manager 2).

Alternatively, we may view (9) as wealth dynamics in market J\;li where manager 1 invests in
the riskless security B and chooses ratio a to allocate in the fictitious stock Sj 1, while he receives a
process of random endowment returns (}71,t)t20, namely,

dX %
Xl =01 ()\let + dWl) + th (14)

with

dS1»

Sio’

with Y7 o = 0. Note that Y; is driven only by W5 and its dynamics do not depend on Aq, 01, o
Analogous interpretations may be derived for manager 2, who now invests in the “personalized”

fictitious market M§ = (375'27175272) with (pseudo) stocks (52’17t)t20 and (SQ’Q?t)tZ(), solving

dY; = —o9201 ( 5\1,2dt + sz) =—0:8

s . ds .
= 2,1 =01 (Ag,ldt + dWl) and = 2,2 = 09 ( Aggdt + dWQ) 5 (15)

Sa1 2,2

with modified Sharpe ratios Ap; and Mg as in (12). We may then interpret (11) as the outcome of
investing ratio 5 in stock Ss 2 while maintaining (ratio) allocation —fsq in stock Sz ;1. Alternatively,
dX <
< 2 — 0,8 (Az,zdt + dWQ) +dYs, (16)
2

2The superscript “s” corresponds to specialization.



with (Y2,¢),~ solving
dYs = —o1602a (5\271dt + dWl) = —92ad§’2’17
Sa1

)

with Y5 = 0.

Clearly, the personalized fictitious markets /\;lf and /\;15 do not coincide due to the asymmetry in
both the competition parameters #; and 65, and the competitors’ allocations o and 3. As the original
market M, the specialization constraints make both these markets incomplete. Note also that, in
formationally, the markets ./\/l,/\;l‘lq and M§ do not differ but, conceptually, forward performance
criteria are developed within /\;l{ and M§

2.1 Best-response forward relative performance criterion

Each manager invests between the riskless asset and the stock in which she specializes. She also
competes with her opponent passively, in the sense that she observes and takes into account the
competitor’s policy but without interacting with him. In contrast to all existing settings, however,
the competitor’s policy is not a priori modeled, it is only taken to be a process in the admissible
set Ag, and is being revealed by the competitor gradually, as time moves. To model, measure and
optimize in this relative performance setting, we first introduce a suitable criterion. It extends the
original forward criterion, proposed by Musiela and Zariphopoulou (see [47, 48]) and further developed
by them and others (see, [34, 49, 50, 51, 52, 53, 63]).

Throughout, we will be working with the following set of random functions in the domain D =
Ry xRy

Definition 1 Let U be the set of random functions u (z,t), (z,t) € D, such that, for each t > 0 and
P-a.s., the mapping z — u (z,t) is strictly concave and strictly increasing, and u (z,t) € C**.

Definition 2 Let policy f € Az. An Fi-adapted process (Vi(Z1,t;0))i>0, 1 = 0, is called a best-
response forward relative performance criterion for manager 1 if the following conditions hold:

i) For eacht >0, V1(Z1,t;8) €U a.s. ~

i) For each a € Ay, V1(X1,t;8) is a (local) supermartingale, where X1 solves (9) with « being
used.

iii) There exists o € Ay, such that Vy (Xf,t; B) is a (local) martingale, where X solves (9) with

a® being used.

Analogously, we define the best-response forward relative performance for manager 2, (Va(#2,t; )),~»
Z2 > 0 and a € Aj, requiring that Vg(f(g, t; ) and VQ(X;, t; a) are, respectively, a (local) supermartin-
gale for any 8 € As and a (local) martingale for an optimal 5* € As. The notational presence of § in
V7 and « in V5 is self-evident.

In the absence of competition and for [t6-diffusion markets, forward performance criteria have
been constructed also as Ito-diffusion processes (cf. [49]). However, contrary to the classical expected
utility case, their volatility process is an “investor-specific’ modeling input. For a chosen volatility
process, the supermartingality and martingality properties impose conditions on the drift of the for-
ward criterion. Under enough regularity, these conditions lead to the forward performance SPDE (see
[51]), which is a fully nonlinear infinite dimensional equation. Depending on whether the forward
process is path-dependent or a deterministic functional of stochastic factors, the forward volatility
can be chosen to be path- or state-dependent (see, for example, [33, 34, 41, 52, 53, 57]). In general,
the underlying problems are inherently ill-posed and extra analysis is required to identify the viable
initial conditions (see, for example, [12, 50]).

As mentioned in the introduction, we will work with locally riskless (no volatility) performance

processes,
dVy (Z1,t;8) = b1 (Z1,4;8)dt - and  dVa (Z2,t; ) = by (%2, 1; ) dt,

for some suitably chosen Fi-adapted processes (b1 (Z1,t;8)),50 and (b2 (Z2,¢; @), -



Next, we provide a characterization result for the best-response forward performance criterion
Vi (%1,t; 8). Similar results may be derived for manager 2 and are, thus, omitted. Throughout, it is
assumed that p? # 1, as the case p? = 1 is more natural for the asset diversification setting.

Proposition 3 Let 8 € Ay, p*> # 1, and 5\1’1 and 5\1,2 as in (10). Consider the random PDE

1 v2

1 N -
vy — )\% 1 = 5 ( - p2) (9%0552221&,2 + (P)‘l,l — )\172) 01028zv, =0, (17)

for (z,t) € D, and assume that a solution v(z,t) € U exists, for some admissible initial datum
v (2,0) = Vi (2,0; ). Furthermore, let the process (), be given by

of =¥ (X, 1),

with the random function a*(z,t), (z,t) € D, defined as

o (z,t) = (2:1) + 2605, (18)
with ;
Ry (2,t) := —m, (19)

and (Xit)tZO solving (5) with the control process a* being used. If Xi is well defined and o* € A,
then the process
Vl(i‘h ta B) = ('iht) 3

T1 > 0, is a locally riskless best-response forward relative performance criterion and the investment
strategy o is optimal.

Proof. We first rewrite (9) as

6?511 =01k (5\1,16175 + dWl) + 010283 ((pj\l,l - 5\1,2) dt —+/1 - Pdef') ) (20)

for Wi being a standard Brownian motion orthogonal to W and the modified policy (&t)tzo ,

&=a— p912—iﬂ. (21)

Assuming that v (z,t) € U, Tto’s formula yields
. . 1 - - .
dv(X1,t) = v (X1, t)dt + (201a2xlvzz(xl, t) + )\lelez(Xl,t)) dt

+ (; (1 - ) (02915) X%Uzz(Xl,t) + (05\1,1 - 5\1.,2) 02915X1UZ(X1,t)> dt

+UZ(X1,t) (U1ddW1 — Ugelﬂ\/ 1-— p2dW1L) .

Note that for v,, < 0, we have

1 2
501042X1Uzz(X1, )+ )\1 1CYX1’UZ(X1, ) _7)‘ = ’

ZZ

5\1,1 ~'Uz(Xllt)
01 X1v..(X1,t)

with the maximum &* occurring at &* = — . The rest of the proof follows easily. m

Discussion: Equation (17) is, in general, non-tractable due to the presence of the second-order lin-

ear term % (1 — p2) 020232220, (the first-order term 6, (pS\M - 5\172) 028zv, may be easily absorbed



with a mere time-rescaling). Its form is random and evolves with the market and the competitor’s
policy forward in time.

Equations of similar structure also arise in expected utility problems in the classical setting when
there is random endowment and/or labor income processes. To the best of our knowledge, they are
also non-tractable and only general abstract results exist to date (see, among others, [44] and the
more recent work [45]). In the forward case, an additional complication arises from the ill-posedness
of the problem, for one also needs to specify the class of admissible initial conditions V;(Z1,0; 8). This
is a rather challenging question, currently investigated by the authors. On the other hand, the CRRA
class provides an example, showing that Definition 2 is not vacuous.

Despite its non-tractability, equation (17) demonstrates that the best-response criterion Vi (Z1, t; )
is endogenously specified and depends on the current evolution of the market and the competitor’s
policy. Both these features are in contrast to their analogues in the classical cases.

The optimal policy is constructed through the random feedback functional a*(z,t), which consists
)\olil

of the “myopic”-type term Ri(z,t) and the linear term pg—jﬂl 3. The first component resembles
the one in the original forward setting but now with modified risk premium 5\1,1. It depends on the

competitor’s policy 8 through 5\1,1 and Ry(z,t). If p # 0, it may become zero if there exist time(s),
A1t
PU2,:0091 :

In general, it is difficult to provide any qualitative conclusions on how a*(z, t) is influenced by S8 but
at least (18) highlights its endogeneity and that it is affected by the realized market performance, the
competitor’s policy, and the manager’s realized performance. These characteristics are the outcome
of the flexibility of the normative best-response forward criterion. We stress that empirical evidence
strongly supports such features; see, for example, [17, 29, 35], for the effects of past performance by
the manager and [36] for the impact of realized market performance. The classical model in which the
(terminal) risk tolerance is exogenously chosen does not seem to capture these phenomena, as argued
in these papers.

Next we note that, in general, V1 (Z1,t; 8) may not be time-monotone (albeit being locally riskless).
This can be seen from equation (17) when written as (recall p? # 1)

say to, such that g;, =

1
v+ 5 (1 —p?) 0Fv.. (0282 — ¢1) (0282 — ¢2) = 0,

with ¢ 20 = 9”; - ~(PAs, 11_/\1 2)=VA , and the process (At)t>0 given by A := )\1 1 —2p/\1 Y 2 +)\1 2>0.

We easﬂy deduce that cico <0 and the lack of time-monotonicity follows from the above equatlon and
the assumed spatial concavity of v.
We recall that in the absence of competition (6; = 0), the analogous locally riskless criterion is

2u
in time. The lack of time-monotonicity is one of the fundamental differences between the forward

performance processes with and without competition, V;i(Z1,¢; 8) and u(zxq, fot A2ds). We comment
more on this in the next section.
If p =0, then A; 1 = A1 and equation (17) reduces to

2
given by u(xq, fot Ads), with u satisfying u; = l%, (z,t) € D. This process is always decreasing

1

1., v2
Vg — 5}\%

zz

2.2
10'2ﬂ Z " Vyy — )\1 20102ﬁzu2 = 0

AL _vz(z5t)
01 2Vz5(2,t)7

In turn, a*(z,t) = — with v still depending on S through the coefficients in the reduced
equation above.

If p # 0, relative performance concerns might lead to zero allocation in 5’1,1, at time(s) tp such
that Al L to Rl(z to) + pgz 0 916% =0.

T1,tg

2.1.1 The CRRA case

To provide further insights on the forward relative performance criteria and also compare them with
the ones in the classical setting, we study the case of homothetic criteria for manager 1. We impose

10



no assumption on what criterion manager 2 might follow, we only use assume that she follows an
arbitrary policy 8 € As.

Proposition 4 Let policy B € Az, p* # 1, and 5\1,1 and 5\1’2 as in (10). Let v1 > 0, v1 # 0, and
(1M1,t),50 be given by

n = ;\il +2 (P;\Ll — ;\172> 910’26’}/1 — (1 — p2) 9%0’%52’}/12. (22)
Then, the process
i'1771 "t 1-yg d
Vi (@1,6:0) = Tl m e, (23)
-Nn

is a locally riskless best-response forward criterion and the investment policy

is optimal.
Proof. We look for candidate criteria of the separable form Vi(Z4,t;8) = "fil__;l K, where (K¢),~q
is an Fi-adapted process, differentiable in ¢ with Ky = 1. Using equation (17), the boundedness
assumption on the Sharpe ratios and the admissibility of 3, we easily conclude. m

We may rewrite the process (11,¢),, as

1
n = Oy — 8101058)° + (,,2(1 =+ ) - 6%) G028, (25)

with (01,t),~ given by
> N
A1
Similar expressions were derived in [9] for the special case of log-normal markets for power utilities in
the classical setting. Herein, we have analogous results for general F;-adapted processes 77 and 4.
We stress that no solutions of form (23), (25) and (26) may be derived in the classical setting beyond
the log-normal case.
The criterion Vi (&1, ¢; 8) resembles its forward counterpart in the absence of relative performance

1-m t 1—7v1 42
—_ T e~ Jo Aids

(61 = 0), given by u (z1,1) = F— 2T
Rewriting (24) as

oi=m1 +p(l—m) (26)

(see [50]), which is however always time-monotone.

of = =21 4 ey (1—5) %24 (27)

we see that depending on the sign of the various terms, manager 1 might invest more or less in the risky
asset under relative performance concerns. For example, for p > 0, Z—f > 0, and a long competitor’s
strategy, 8 > 0, we have pf, (1 — %) Z—fﬂ > 0 if v3 < 0, while pf; (1 - 'le) Z—fﬂ <0if0 <y < 1.
These results are also consistent with the ones in [9] but, now, for a much more flexible framework.
Finally, if the market price of risk A\; increases, the position on the familiar asset always increases
even with relative performance concerns. This is consistent with the fact that when the performance
of the asset the manager invests in improves, she tends to increase her position to it. The process \;
usually refers to the manager’s active-management ability (see among others [56]).

Symmetric results are deduced for manager 2 if her competitor follows policy « € A;. Namely, for
v2 > 0,72 # 1, and (772715)%0 with

M2 = A5 4 +2 <—5\2,1 + P5\1,1> g162072 — (1= p?) (01620)° 73, (28)

11



the process (Vz (Z2,t; )5 given by
jé*’h
L=

-
¢ Jo T meds (29)

‘/2 (‘%Qata CV) =

is a locally riskless best-response forward criterion and the investment policy

is optimal.

Finally, we may construct a best-response (locally riskless) forward criterion for the limiting cases
~v1 = 0 and/or 75 = 0. Looking for a candidate process of the additive form V;(Z1,t; 8) = logz; + K,
for a suitable process (K;),~ , equation (17) yields

_ _ e - - 1
Vi(Z1,t; B) = log +/0 <2)\%,1 - (,0/\1,1 - /\1,2> 01020 + 3 (1-p%) 67 (025)2> ds,

A1
g1

with optimal policy a* = + pg—fﬁlﬁ. Similar results can be produced for the case v = 0.

2.2 Forward Nash equilibrium

The asset managers not only trade between the riskless account and the respective specialized risky
asset but, also, interact dynamically with each other. Then, the individual best-response problems
lead conceptually to a pure-strategy Nash game. We call the equilibrium of this game a forward Nash
equilibrium and propose the following definition for its analysis.

We recall the modified risk premia A; 1 (8),A1.2 () and A1 (@), Aoz () (cf. (10) and (12)), high-
lighting their dependence on the competitor’s policies.

Definition 5 A forward Nash equilibrium consists of two pairs of Fi-adapted processes,
(vl (il,t;ﬂ*)tzo,(a;‘)tzo) and (Ve (F2,8:0%)),150» (B )in0)s #1,82 > 0, ¢ > 0, with the following
properties:

i) The processes a* € Ay and 8* € As,

it) The processes Vi (Z1,t; 5%), Vo (Z2,t;0*) € U.

i) For a € Ay, Vi(X1,t; 8*) is a (local) super-martingale and Vl(X'ft,t; B*) is a (local) martingale
where X1 and Xi* solve (9) with 5\1,1 = 5\1,1 (8*) and 5\1’2 = 5\1’2 (8%), and with o and o* being,
respectively, used.

iii) For B € Ag, Va(Xa,t;a*) is a (local) super-martingale and Vg(f(;’t7 t;a*) is a (local) martingale
where Xo and X’; solve (11) with 5\2,1 = :\2’1 (a*) and 5\272 = 5\212 (a*), and with B and B* being,
respectively, used.

If, under appropriate integrability conditions, the processes (Vl(f(l,t; 6*)) N and (Vl(f(i‘,t; ﬁ*)) N
>0 >0

are, respectively, a true supermartingale and a true martingale then, for any a € Aj,
E[Vi(X1,669)] = EVi(a:,0)] > E [Vi(X1,658%)]
Analogously,
E [vg(f(;,t;a*)} — E [Va(#2,0)] > E [Vg(f(g,t;a*)} .

In other words, no unilateral deviation in strategy by either manager will result in an increase in the
expected utility of her relative performance metric.

12



From Proposition 3 and, in particular, the best-response strategy (18) and analogous results for
the optimal policy 5%, it follows that the candidate forward Nash equilibrium strategies should satisfy
the system of equations )

51 (8%) mn [ <
o = %Rl (Xf»t;5*> + pbh 32 5*
(31)
B = 222l Ry (X5, 6507) + pla 2o,
where (R{ ‘ (Xf,t; B*)) and (R’Q‘t (f(;,t; a*)) are defined as
' >0 ’ t>0
_ ’0272(5(;7 t)
Xiva..(X5,t)

’Ulyz(j(fv t)

valﬁzz(Xiﬂt)

Ry (ﬁi;ﬁ*) =

with v (2,t) and vy (2,1), (2,t) € D, solving

1 ’UQZ 1 * 3 * 3 * *
V1 5)\%’1 (8% vll’ + 3 (1—p) 0307 8% 2201 .. + (,0>\1,1 B*)—=X2(8 )) 09018 201, =0 (32)
and
1+ v i, 1 - -
V2t — 5)\372 (Oé*) U22, + 5 (1 — p2) 0%9%0[*22’21)2722 + (7A271 (OZ*) + ,0)\2,2 (Oé*)> 010204*2112% =0. (33)

System (31) is in general non-tractable because of the highly non-linear terms Rj ()N(f Jt ﬁ*) and
R3 (f(;,t;a*) .
2.2.1 The CRRA cases

For tractability and to highlight the differences between the forward approach and the classical setting,
we examine the case of homothetic criteria for both managers.

Proposition 6 Let v1,7v2 > 0 with 1,72 # 1, and assume that
0= Y172 — p29192(1 — ’)/1)(1 — ’)/2) 7é 0. (34)

Consider the processes (o} );5q» (Bf);>q given by

o — Va1 — pbi(1 — 1) A2 and Bt = Y1A2 — pba(1 — ’72))\1_

0'15 0—25 (35)

Let also (n’{’t)po and (né"t)po be given by (22) and (28) when B* and a*are, respectively, used and
(V1 (21,1 8%))50 and (Va (Z2,t;07)),5q defined as

1—

To 72 - (;1;;2 ngds.

L=

~1l—-m
~ xT ot 1=y o B
Vi (21,8 8%) = T L 5 e Jo nlds, Vo (%o, t;0™) =
- nNn

Then, the pair of processes (V1 (Z1,t;5%),a*) and (Vi (Za,t;a*), 5*) constitutes a forward Nash
equilibrium.

Proof. From (27) and (30), we deduce that the candidate strategies (a;),5¢, (8; ), must solve the
system

* 1 o2 p¥x . 1 A
o — (1= 24) 2257 = L2

71

Y2 02

- (1 - %) e

13



Using that its determinant is given by vaz’ with ¢ as in (34) and, by assumption, § # 0, we easily

deduce (35). Furthermore, a* € A; and * € As, given the assumption on bounded A; and Ay. The
rest of the proof follows easily. =
In the special case p = 0, the forward Nash equilibrium strategies simplify to,
1 1

af=—— and f5= ,
Y1 01 Y2 02

which are the optimal policies without competition. Note, however, that the associated forward Nash
criteria still depend on the other manager’s strategy through the processes 1} and 73.

Continuing the discussion in 2.1.1., we mention that the forward Nash equilibrium investment
strategies have the same form as those of the classical setting in a log-normal market (see [9, Propo-
sition 1]). Hence, we may generalize all comparative statics of [9] in the general It6-diffusion market
setting herein.

3 Asset diversification and forward competition

In this section we impose the situation where both managers invest in the same market M =
(B, S1,S52), with S7,55 solving (3) and without any trading constraints. This case is particularly
popular when managers aim to beat the same benchmark. The managers have relative performance
concerns and may interact passively or competitively. As in the asset specialization case, we incorpo-
rate these concerns by working with relative wealth processes with competition parameters 67, 6s. We
measure the performance of their strategies using forward best response and forward Nash equilibrium
criteria, respectively. We define them as in Definitions 2 and 5, and we also work with locally riskless
processes.

Using (3), the (discounted by the bond) wealth processes (X1,;),~, and (X2,) t > 0, satisfy

>0
dX,
7 = Ulal()\ldt + dWl) + O'Q()[Q()\th + dWQ) (36)
1
and
dXs
7 = U1ﬁ1()\1dt+dW1)+0252()\2dt+dW2), (37)
2

with X10 = 1 > 0 and X309 = 22 > 0, and a1,az (resp. Si,82) being the fractions of wealth
X (resp. X5) invested in asset classes S; and Ss, respectively. The set A of admissible policies
a = (a1,a3) and 8 = (B4, B2) is defined similarly to (6).

For 61,65 € (0,1], a = (a1, a2) and 8 = (B4, f2), the biased benchmark processes (Xfft) and

>0
(Xglt) solve
/>0

dxy? 1
Xf12: = 920’1@1()\16” + dWl) + 920’2@2()\2(# + dWQ) + 592(92 - ].)Cl (a) dt
with the process (C1; (@),
Cy (a) == ola? + 2p010900 00 + 0503, (38)
Similarly,
ax?i. 1
Xel’ = 010181 (Mdt + dW1) + 010982(Aedt + dW2) + 591(91 -Gy (B) dt,
2t
with the process (C2.¢ (8)),>¢
Ca (B) = 01} + 2p010261 82 + 0555 (39)
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Direct calculations yield that the relative wealths processes X, = ;(011 and X, := }‘;(922 satisfy

2.t 1t

dX, - -
Xl = 0101 ()\let + dWl) + o209 (Al}gd/t + dWQ)
1
— 010181 (Mdt + dWh) — 0201 B2 (Aodt + dW2) + 591 (1+61)Ca(B)dt, (40)
with the processes (:\171,15)»0 and (5\1’2’t)t>0’
A=A = 01 (0181 + poafa)  and Ao = Ao — 0y (po1 1 + 02fs) . (41)
Similarly,
dX < <
XQ = 0—161 (/\271dt + dWl) + 0'252 ()\QVth + dWQ)
1
— o160201 (Aldt + dW1) — 0905019 (/\th + de) + 592 (1 + 92) 4 (a) dt, (42)
with the processes (5\2’1’t)t>0 and <5\2’2’t>t>0’
5\271 =\ — 0y (0’10&1 + pO’gOzg) and 5\272 = Ay — 09 (p0'1011 + 0'20(2) . (43)

As in the asset specialization case, we may interpret (40) as the wealth of a manager who invests in
the personalized fictitious market M? := (B, 5’171, 5‘172) with (pseudo) stocks 5’171, 5’172 solving

d.,SLl =01 (;\let + dW1> and d~S172 = 02 ( ;\1)2dt + dWQ) R
5171 1,2

with 5\1,1 and 5\1’2 given in (41), while receiving returns from a random endowment process (Yl’t)t>0 ,

X - -
FaLs (Mt +dWh) + azoz (A adt +dW) +dvi,

1

with
1
le = —9101ﬁ1 (Aldt + dWl) - aldgﬁg ()\th + dWQ) + 591 (1 + 6‘1) 02 (ﬁ) dt

and Yl,O =0.
Similarly, manager 2 invests in a personalized fictitious market M = (B , 5'2,1, 5'2,2> with (pseudo)

stocks 5’271, 5’22 solving

ds < d
15'2’1 = 09 ()\2,1(# + dW1> and 1512’2

Sa1

=0y (et +dws),

with ;\2,1 and ;\272 given in (43), and

dX . .
22 = o1 (Readt + W1 ) + 02z (Mo pdt + AW ) + dY,
2
with 1
dY2 = 7920’10&1 (Aldt + dWl) - 020’20[2 ()\th + dWQ) + 592 (1 + 92) Cl (Oé) dt,
and YQ,O =0.

The personalized fictitious markets /\;lil and Mg are both complete, in contrast to their counter-
parts M7 and M3 in the asset specialization case. This completeness makes the underlying problems
tractable, as we discuss next.
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3.1 Best-response forward relative performance criteria

In analogy to the asset diversification case, we apply Definition 2 to define the best-response forward
performance criteria denoted with a slight abuse of notation by (V1(Z1,%; 8));5 and (Va2 (Z2, 1)) ;5 5
I = Tlv To = 9 , where a, 8 stand for arbitrary policies of the competitors. Because of symmetry,

we only analyze tho quantities pertinent to manager 1. We provide complete characterization of her
relative forward criterion, the optimal investment and the optimal wealth processes under relative
performance concerns.

We first recall two auxiliary functions, u; : D — R4 and h; : R x Ry — Ry. Function u; solves

(44)
with initial condition given by

(0 (0) Y = [ e ), (43

for a finite positive Borel measure v.
The function h; is defined as hi(z,t) := (uLZ)(*l) (e=*T3,t) (spatial inverse). It solves hy; +
$hi.. =0 with hy(2,0) = [} €*dv1 (y), and is given by

hi(z,t) = / V=3V gy, (y). (46)
0

+

Let also R; : D — Ry,

(=1
. (Z7 t) B hl,Z (h1 (Z, t) at)
ZUL,zz (Zv t) hl (hg_l) (Z, t) 7t> ’

R1(27t) == (47)

with the latter equality following from the definition of h.

The functions wuy, hy and R; were introduced in [50], and used to construct in full generality the
locally riskless forward criteria in the absence of competition (61 = 0); we refer the reader therein for
details, and especially for the assumptions on measure v .

Finally, we consider the processes (A1), and (M ;) defined, for 5\171, 5\1,2 as in (41), as

t>0

1
1—p2?

t t t
A = / ()\il — 2/))\1’1/\1)2 + )\%)2) ds and M := / )\1)1dW1 +/ )\1’2dW2. (48)
0 0 0

Next, we present the main result in the asset diversification case.
Proposition 7 Let policy 8 = (B1,52) € A and Co (B) as in (39), and define (B1,),~, as
B1 = 6%91(1—91)fot Cz(ﬁ)ds. (49)

Let the processes Ay and My be as in (48), ui(Z1,0) as in (45) with uy (z,t) solving (44), and introduce

the process (Huyt),~

hi, (h( (21 )+A1+M1,A)
H1 = —1) (50)
hy (h1 (51,0)+A1+M17A1)
%) (1)~ ~
_ Jor et 0 ydig, (y)
Jog e @) diy y (y)

b
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with
din ¢ (y) = eV DAFvMigy, | (y) (51)

The following assertions hold:
i) The process (Vl(:%l,t;ﬂ))tzo, given by

Vl(i.17t76) =ux (2117141) ) (52)

with V1(Z1,0; 8) = u1(Z1,0) is the unique locally riskless best-response forward criterion with such
initial condition. For each B € A and Z1 > 0, V1(Z1,t; B) is time-decreasing.
it) The optimal wealth process (Xft) is given by
"t >0

Xt =Bl (h§‘” (71,0) + A; + M17A1> (53)
=B /°° evhi” " (@1.0) din e (y)
ot 7

with o4 as in (51). i) Let o* (z,t) = (of (2,t), a5 (2,1)), (2,t) € D, be defined as

* :\1,1 - ,05\1,2 z
of (z,t) = mBlRl <Bl’A1> + 6161 (54)
and - ~
" —pAi1 + A2 z
o (z,t) = mBlRl <Bl’Al> + 01 52.

Then, the optimal investment processes (a’{’t)po , (ag,t)m are given in the feedback form,
ol = o (f(f,Al) and  of = ol (Xf,Al) , (55)

and in closed form, . 5
A1 pA12

o = mﬁﬁ + 0151 (56)

and ~ ~
« _ —PAL1I T A1

Qg = 11— p?) oy Hy + 015,

with Hy as in (50).
Proof. Let &1 := a3 — 011, Go := g — 01 82. Then, the state dynamics (40) can be written as
dX,

. N R 5 1
Xl = (101 ()\let + dWl) + Q09 (Al,gdt + dWQ) + 591(1 — 91)02 (ﬂ) dt.

Defining the auxiliary process ()A(Lt)tzo by

L X
X = —
1 Bl )
we have that R
ax, . ~ . <
Xl = (101 (/\1’1dt + dWl) + Q02 ()‘Lth + dWQ) s (57)
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with XI,O = Xl’o = Z;. We are, then, in the complete market framework of [50, Section 3] and
we deduce that if u; : D — Ry solves (44) and satisfies (45), then the process uy (Xl,Al) is a

supermartingale for any ((@1,t)t>0 , (5‘27t)t>0> and becomes a martingale for (dit)»o , (d§7t)f>0 given
by - -

& = _:\1,1 —pAie B* and af — —pAa + Ais 5
- 2T (1-p)oy
. A _ ul,z(Xf,z‘h) O s . Aw Ak . .
with (Rt)tzo = T Xre (A where X7 solves (57) with (&F,43) being used. Following the

analysis in [50], we deduce that the optimal process <X'f t) is given in closed form by Xf =
/>0

h1 (hgfl) (Z1,0) + Ay + My, Al) and (53) follows. Furthermore, from the definition of h; we deduce
that

- - —1) /4
G — A1 — pA12 ha,2 (hg ) (21,0) + Ay + Ml,A1)
Y=

(=201 g (B (21,0) + A1 + My, 4))
and, similarly,

~ ~ (1) /4
Q= )\1)1 - p)\172 hlw’«’ (h‘l (331,0) + Al + MlaAl)
2 = .
(I=p)or p, (hg_l) (3%1,0)+A1+M17A1)

We easily deduce that &7,45 € A as well as the rest of the assertions for the optimal wealth and
optimal policies.

To establish the time monotonicity of V1(Z1,t; 8), observe that, for each 8 € A and Z; > 0,
d_, . 1 Cy (B) Z1 Ay = 2012 + AT, i1
—V t,8)=—=60(1—-10 = : - : —=
7 (21,8 B) 5 1 ( 1) B (6>U1,x B + 1— p2 ute\ o
as 0h <1,Cy >0, u1, >0and u1: <0. m

Al) <0

Remark 8 We note that the above best-response forward performance differs from the one introduced
in [49] given by u (x/Yy, Zy) , where (Y1), is a traded benchmark and (Zy),~, a “market-view” process.
This process is not locally riskless and its state variable is the individual wealth, and not the relative
one.

Similar results may be derived for manager 2. Let manager 1 follow an arbitrary policy, say
a = (a1, a2) € A. If we choose Va(ia,0;00) = [} &5 Ydvs (y) , for a suitable positive Borel measure vs,
we deduce that the unique locally riskless best-response forward criterion is given by

‘/2(-%27t;a) = U2 (;227142> 3

with up solving (44) with uz (2,0) = Va(Z2,0;), (B2yt),s = e292(1=02) Jg Cr(e)ds (A2,t) ;50 =
(1 — p2) fot (5\%71 — 2,05\2715\272 + 5\%72) ds with X271, 5\272 and Cl (Oé) as in (43) and (38)

Furthermore, if (M27t) = f(f 5\2’1dW1 + f(f 5\2)2dW27 hg(z,t) = ué;l)(e_z+%,t) and (HQ)tZO

defined as

t>0

ha. (hg‘” (%2,0) + Ao + Mo, A2)
Hy = i , (58)
ho (h2 (Z2,0) + As + Mo, Az)

then, the optimal wealth (f(; t) is given by )~(§‘ = Byhs (hgfl) (Z2,0) + Ay + Mg,Ag) and the
t) >0

policies (Bf7t)t20 , (657t)t20’ with

. *Pj\z,l + 5\2,2

Xo1 — pA
* MH2+920417 BQ - (1—p2)0'2

pr = 11— p?) oo Hs + 0202 (59)
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are optimal. o
Replacing A1 1,A1,2, A21A2,2 in (41) and (43), yields the simplified forms (recall that o = (a1, )
and 8 = (1, 82)) in the original market dynamics,

af = FEELHy (31, 8) + (1= Hi (1, 8)) 018

(60)
a5 = 2L H, (31,6) + (1 - Hi (1, 5)) 015,
and
B = GAE Ha (F2,0) + (1 — Ha (2,0)) 2,
(61)

B = G52 Ha (72,0) + (1 - Ha (#2,0)) fa00.

Discussion: The best-response forward criterion (rewritten with more explicit notation) is given by
W, Ay (N o, B;p, 91)) . The process By (3, p,0) > 1 depends only
on the competitor’s policy (3, the correlation p, and the competition parameter 6;. It is increasing
in A1, when 6, € (0, %) , and decreasing when 6; € (%, 1), with maximum discounting at 6; = %
The discounting vanishes at the limiting values ; = 0,1. For p? # 1, the process Cy (81, 82;p) > 0
is jointly convex in (1, 82) and achieves a global minimum at (0,0). The process A; (A, 0,53,601) is
non-decreasing in time and represents a stochastic time change. Furthermore, its time derivative is
convex in the competition parameter 6;.

A1—pAa 758 _ A1—pAa

The case when manager 2 uses policies (B?,t)po , (Bg}t)po with 39 = s =~ {1703

requires special attention. Therein, the modified risk premia vanish at all times, A\j; = A1 2 = 0,

and thus the ”personalized” fictitious market M¢ becomes worthless. In turn, A; = M; = 0, and

af = 0,189 and o = 0189. Therefore, the optimal risky strategy is to simply follow fraction 6; of this

specific competitor’s strategy. This yields X = B;Z, with B := 0301(1=01)(1=p7) [ (A1+X2)?ds and,

thus, (Vl (Xi",t;ﬁo)> = wuy (£1,0). This is intuitively pleasing and consistent with the fact that,
t>0

the locally riskless process u; (

in a worthless market, the performance criterion should not change with time (provided all quantities
are expressed in discounted units).

The optimal policy is given both via a feedback and in closed form (cf. (54) and (56)). The
feedback control depends on wealth only through the random function R; (z,t), which is the relative
risk tolerance associated with wu; (z,t). Using the results in [50], we deduce that R; (z,t), and thus
a1 (z,t) and a9 (2,t), are decreasing in time and non-increasing in z.

3.1.1 The CRRA case

2
Let the measure in (45) be a Dirac, 11 (dy) = 61, 11 > 0. Then, hy (z,t) = eﬁfé(%) " and
Y1
H,y (#1,8) = £ (cf. (46) and (50)). Criterion (52) becomes

v
~ 1—7
1 T _11-
Vi(Z1,t;8) = ( 1) eF A

1—m \B1

and, this is the unique locally riskless homothetic criterion associated with ;. The optimal policies
and optimal wealth processes are given by (56) and (53),

1 — 1
o) = /\1p/\2+(1_7>9151’
1

(1= p?) o

1 —pA1+ Ao ( 1)
ap=— Pt (1 Ty
2T (1-pHo " 1Pz
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~ a (1 1
and X = Z1em (1 271)A1+71 MlBl. We recall that there is no assumption for the preferences of
manager 2, only that she follows an arbitrary policy 8 € A.

Similarly, let manager 1 follow policy o = (a1, a2) . If o (dy) = 6 1, for v > 0, y2 # 1, the unique
2

~l—~
locally riskless best-response forward criterion for manager 2 with initial condition Va(Zq, 0; ) = %
is given by
; 1 s >172 _1l-my
Vo(za,t; ) = —= e 2 2 2
i (Bz
and the optimal policies and optimal wealth by
1 M= p)\g 1 1 —p>\1 + Ao 1
Bi=————"—+(1——)bsa1, B5=——-—"""+(1——]6b2a 62
Y (l=p) oy ) 2T (1-pY) oy P (62)

1

~ 1 (11— 1
and Xg,t = Tqe2 (1 272)A2+,’2 MQBQ.

3.2 Forward Nash equilibrium

The forward Nash equilibrium is defined as in Definition 5. To find the equilibrium strategies (o ),~,
(B )4>0 one then needs to solve the non-linear system (cf. (60) and (61)), B

af = G H (31, 57) + (L — Hy (81, 6%)) 6157
a5 = 222 H (%1, 67) + (1 — Hy (81, 57)) 0155 (63)
B = G Ha (#5,0%) + (1 — Hy (F2,07)) o0}
B3 = 2522 Ha (T2,0%) + (1 — Ha (T2, %)) f203

The system is in general difficult to solve unless for special cases, one of which is examined next.

3.2.1 The CRRA case

We derive explicit solutions when both managers have homothetic forward criteria using (62) and
(63).

Proposition 9 Let 1,72 > 0 with v1,v2 # 1, and assume that y1y2 —0102(1—1)(1—"2) # 0. Then,
the Nash equilibrium strategies (o) ;>q, (Bt )0 are given as

)\1 — p>\2 )\2 — p)\l
o] Caal(l—pQ) and aj ca@(l_p2) (64)
* )‘l - p)‘2 * AQ — ,OAl
=cg——— and =cg——+ 65
) T ) (05)
where the constants c, and cg are defined as
Y2+ 0i(n—1) M+ 02(2 — 1)

Cq Cp :

T e — 0101 — ) (1 — )’ T 72— 01051 — 1) (1 —7a)

Proof. Taking into account (62), we get that system (63) becomes linear. Assumption ;s —61602(1—
v1)(1 — 742) # 0 guarantees that the determinant is different than zero and hence the system admits
a unique solution. Simple calculations imply (64) and (65) and standing assumptions on A; and Ag
yield the admissibility of the equilibrium investment strategies. m

Similarly to the asset specialization setting, the Nash equilibrium strategies (64) and (65) have
the same form as the ones in the log-normal market and backward utility maximization criteria (see
[9, Proposition 2]). All conclusions in [9] hold for the general Ito-diffusion setting we assume herein.
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4 Conclusions and extensions

We have studied portfolio allocations of two fund managers when they incorporate relative perfor-
mance concerns. We have looked at the asset specialization and asset diversification settings in an
Ito-diffusion market. For both these cases, we have considered the best response and the Nash equi-
libria. We studied these issues in a new framework we introduce herein that is based on forward
performance criteria. These criteria allow for “real-time” updating of both the model coefficients and
the competitor’s policies as well as for flexible horizons. Thus, we considerably generalize the existing
work on the subject by allowing i) a considerably more general market model, ii) no a priori mod-
eling of the competitor’s policy and iii) flexible investment horizons. Next, we discuss some possible
extensions.

i) Multi-frequencies: In all cases herein, we have assumed that model selection, trading and rela-
tive/competitive performance valuation are all aligned and, furthermore, that they all occur continu-
ously in time. In reality, however, these three fundamental attributes are not synchronized. A more
realistic scenario would allow trading to take place more frequently than model selection, and relative
performance evaluation to occur less frequently than trading. Note that the most extreme case is in
the classical expected utility problem in which the terminal utility is specified only once, at initial
time, with no further risk preference adjustment.

With regards to the relative frequency of trading and model selection, it is more realistic to assume
that the model is selected for some trading period ahead, say a week, and that within this week, trading
takes place in discrete or continuous time. When relative performance is involved, the distinct scales
of time evolution are more critical, for each fund manager typically announces her performance at
discrete times and not continuously.

it) Information about market and competitors: Information availability and acquisition for both
the market and the competitor’s behavior and performance are of tantamount importance. In the
existing literature it is assumed that both managers have full access to both the market(s) and risk
preferences. While we relax the requirement that neither the model dynamics nor the competitor’s
input (risk preferences, chosen policy and investment horizon) need to be a priori modeled, we do
assume that any information - acquired in real time - about them is available to both managers,
together with their relative bias parameters. These assumptions are partially supported by existing
results; see, for example, [37], where it is argued that managers acquire such information from the
realized, and publicly available, returns of their piers.

However, several “under-specification” issues remain open, especially in terms of the manager’s
risk preferences, specialized knowledge and past performance. For example, it might be more realistic
to assume that at the end of each relative evaluation period, each fund manager receives information
about the performance of the other and, right after, formulates a view about the possible upcoming
performance till the end of the next evaluation period. This will partially address the absence of
complete information under asset specialization. In this case, injecting personal views could lead to a
forward Black-Litterman type criterion under competition.

i11) Beyond locally riskless and reduced form relative performance/competition criteria: Herein, we
worked with criteria that are, from the one hand, locally riskless processes and, from the other, of
the “homogeneous” scaling (7) and (8). In general, relative performance concerns might be modeled,
at the level of the criterion, by arbitrary F;-adapted processes, say Ci(z2,t) and Ca(x1,t). These
processes might then model, in a more refined way, the competition dependence on past performance
of the competitors, market conditions and time in a more realistic way.

In a different direction, the forward criteria might have volatility, which would capture uncertainty
about the model dynamics and/or the competitor’s beliefs and policies. We will then work with
criteria of the form

dU; (z1,22,t) = b1t (21, Ci(x2,t),t) dt + a11,¢ (1, Ci(z2,1),8) AW + 1,24 (21, Cr(22, 1), 1) dWay
and

dU, (xl, Ta, t) = bg,t (02(131, t), Ta, t) dt + a2,1,t (02(931, t), xg) dWl,t +agot (CQ(Il, t), To, t) dW27t,
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with the volatilities (a1,1,4, al’g’t)t>0 and (ag,1.4, a2,27t)t>0 being adapted and manager-specific input
processes. Proceeding as in [51] we would then obtain a stochastic PDE (rather than a random one)
with coefficients depending on the evolving market dynamics and the competitor’s policies. As in
the absence of relative concerns, these equations will be ill-posed and degenerate with little, if any,
tractability. In turn, the systems related to the forward Nash equilibria (cf. (31) and (63)) would be
systems of such infinite dimensional equations.

In a different direction, relative forward criteria may be modeled as discrete or a combination of
discrete and continuous-time processes for different, possible nested, time regimes, associated with
distinct frequencies as discussed above. For discrete processes, predictability is a natural assumption
(see [3] for a binomial model and adaptive market parameter selection).
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