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Abstract

We present turnpike-type asymptotic results for the relative risk tol-
erance in Ito-diffusion markets and under time monotone forward perfor-
mance criteria. We show that, contrary to the classical case, the tem-
poral (large time) and spatial (large wealth) limits do not coincide and,
furthermore, depend crucially on the support of the risk preference mea-
sure, used to construct the underlying forward criterion. Specifically, the
spatial limit coincides with the right end of the support while the tem-
poral limit with the left end one. Key role plays the spatial inverse of a
space-time harmonic function that solves the ill-posed heat equation. We
construct two representative examples, one with discrete and the other
with continuous measure support, and analyze the asymptotic behavior
of the dynamic relative risk tolerance for each case.

1 Introduction

Turnpike results in maximal expected utility models yield the behavior of opti-
mal portfolio functions when the investment horizon is long and under asymp-
totic assumptions on the investor’s risk preferences.

The essence of the turnpike result (stated, for simplicity, for a single log-
normal stock with coefficients p and o) is the following: consider a (pre-chosen)
investment horizon [0,7] and assume that the investor’s terminal utility Up
behaves like a power function for large wealth levels, i.e., for some v € (0,1),

1
Ur (z) ~ ;x“’, x large. (1)
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Then, if this specific horizon T is very long, the associated optimal portfolio
function 7* (z,¢; T) approximates the one corresponding to this power utility,
i.e., for each x > 0,t € [0,T],

7 (x,t;T) w1
x 021 —+’

T large. (2)

In other words, the asymptotic spatial behavior of the terminal datum
dictates the long-horizon temporal behavior of the portfolio function for ev-
ery wealth level. The function 7* (z,¢;T) is the one the determines the opti-
mal wealth process in feedback form, in that the optimal wealth process X7,
t € [0,T7], is generated by the investment strategy m; = 7* (X}, ;T .

Turnpike results can be found in [5] (see, also, [14]) where a continuous
time model was first considered and the turnpike properties were established
using contingent claim methods. Their results were later extended in [12] using
an autonomous pde of fast-diffusion type satisfied by 7* (z,t; T) and viscosity
solutions arguments. Duality methods were used in [6] for complete markets
and the incomplete market case was studied in [11]. The authors of [3] es-
tablished the rate of convergence in a log-normal model, showing that there
exist a positive constant ¢ and a function D (x), such that, for each z > 0,

7 (z, t;T) — %ﬁx’ < D (z) e—c(T—t)

A closer look at all existing turnpike results yields that we are essentially
working in a single investment horizon setting, [0, 7], which is taken to be very
long. As aresult, in order to properly define the optimization problem, one needs
to pre-commit to a market model for this long horizon. This choice cannot be
modified later on if time consistency is desired but, on the other hand, knowing
the model dynamics for a very long horizon might not realistic. Besides the
stringent constraints on model choice, one also pre-commits at initial time to
a utility function for very far in the future, which is also a rather restrictive
assumption. Finally, we remark that no matter how big T is, the optimal
investment problem is not defined beyond this point, for the utility function is
chosen only for T and, thus, the underlying problem is well defined on [0,T]
only.

Herein, we take an alternative point of view and consider a new asymptotic
investment problem. Instead of committing to a single long horizon [0, 7] with
T large, we define from the beginning an investment problem for all times
t € [0,00). Moreover, instead of choosing at the initial time the utility Ur for
the remote horizon T, we choose the utility at this initial time. We, also, depart
from the log-normal setting and work with a general Ito-diffusion multi-security
market model. However, we do not pre-specify the model coefficients but instead
we update them going forward.

We measure the performance of investment strategies via the so called for-
ward performance criterion. This alternative class of stochastic utilities was
introduced by Musiela and the second author in [21] (see, also, [22]) and offers
flexibility for performance measurement under model adaptation, model am-
biguity, alternative market views, rolling horizons, and others. We recall its



definition and refer the reader, among others, to [2], [7], [8], [15], [16], [17], [23],
[24], [29], [30] and [31]; see, also, the recent review article [20].

Herein, we develop forward turnpike type results working with the class of
time monotone forward utilities, developed and studied in [25]; we briefly review
them in the next section. These forward criteria are given by a time-decreasing
and adapted to the market information process, U (z,t), t > 0, z > 0, of the
form

U(z,t) =u(x,Ay),

where u (z,t) is a deterministic function (cf. (13)) and A; = fg IAs|? ds, with
the process A, t > 0, being the market price of risk. In other words, U (x,t) is a
compilation of a deterministic investor-specific input, u (x,t), and a stochastic
market-specific input, A;. Furthermore, the optimal investment process 7},
t >0, is given by

o (2,
nf = ot hr (Xi, A)  with (o) = — 2T

(3)

Uge (2,1)’

where o} is the pseudo-inverse of the volatility matrix, and Xy, t >0, the
optimal wealth generated by this investment strategy 7; (cf. (11)). The function
7 (z,t) is the dynamic risk tolerance and will be the main object of study herein.

Contrary to the classical case, in which a terminal datum is pre-assigned for
T and the solution is then constructed for ¢t € [0,7), in the forward setting,
the forward criterion is defined for all times, starting with an initial (and not
terminal) datum U (z,0).

In analogy to the classical setting, we are thus motivated to study the fol-
lowing turnpike-type question in the forward framework: if the initial condition
u (x,0) is such that, for some v € (0,1),

1
u (x,0) ~ ;x”, z large, (4)

does this imply that, for each = > 0,

r@?) ~ L, t large ?
T 1—7

There are fundamental differences between the classical and the forward
settings as one is not a mere variation of the other by a time reversal. Rather,
the classical problem is well-posed while the forward is an inverse and, in general,
ill-posed problem. As a result, various properties used for the classical turnpike
results fail, with the most important being the lack of comparison principle for
the various PDEs (cf. (13) and (24)) at hand.

The first striking difference between the two settings is the distinct nature
of the temporal and spatial limits. Indeed, in the traditional turnpike results in
[12] and [3], the temporal limit in (2) coincides with the spatial one, in that for



fixed time T and wealth level zq, respectively,

520 gy 052 (xo,t;T).
xToo x T oo Zo

However, this is not the case in the forward setting. Indeed, the temporal
and spatial limits of the function @ do not coincide. This can be seen, for
instance, in the motivational example in subection 2.1.

The aim herein then becomes the study of the spatial and temporal limits
of the dynamic relative risk tolerance function,

lim r(z,t) and  lim M, (5)
xToo X tToo xT
for fixed g > 0, z¢ > 0, respectively, under appropriate conditions on the asymp-
totic behavior of the initial datum U (z,0), for large x.

Pivotal role for determining these limits is played by a positive finite Borel
measure, i, which is the defining element in the construction of the time mono-
tone forward processes. Specifically, it was shown in [25] that the above func-
tion u is uniquely (up to an additive constant) related to a space-time harmonic
function h : Rx [0,00) — RT which is (uniquely) characterized by an integral
transform, namely,

b
ug (h(2,t) ,t) =€ *T%  with  h(z1t) :/ eVl (dy),  (6)
a
for some 0 < a < b < co. An immediate consequence of this general solution
is that the initial datum, in particular the initial inverse marginal utility, is
directly constructed through this measure y, in that (ug(z, O))(fl) needs to be
of the integral form

b

(g (2,0) V) = / r U (dy)

a

As a result, it is natural to expect that the asymptotic properties of u (z,0)
which enter crucially in the turnpike assumptions, are also directly linked to
the form and properties of p. Furthermore, this measure also appears in the
specification of the dynamic risk tolerance function. Indeed, we deduce from (3)
and (6) that r (z,t) is represented as

r(@,t) = he (BV (2,0),1), (7)

with both h, and h(—1) depending on p. We will be calling p the risk preference
measure.

The main results herein are that, under certain asymptotic assumptions for
large x on the initial risk preferences, the spatial limit of the dynamic relative
risk tolerance function coincides with the right end point of the support of the



risk preference measure while its temporal limit coincides with the left end.
In other words, for a and b as in (6), we have, for each t; > 0 and zy > 0,
respectively,
lim r(z0,t) =g¢a and lim r(@to) =b. (8)
tToo x zToo x
The first step in obtaining the above limits is to establish equivalences be-
tween the asymptotic, for large z, behavior of the initial marginal utility and
the structure of the measure, and in particular, the finiteness of its support and
the existence of masses at its end points. We summarize the main findings next.
Spatial turnpike limit: To establish the spatial limit in (8), we first show
that the asymptotic assumption (4), stated in terms of the marginal,

ug (x,0) ~ 2771 x large, 9)

for some v € (0, 1), holds if and only if the right end of the measure’s support
satisfies both b = 1iv and p ({b}) = 1. In other words, condition (9) implies
that the measure must have finite support with its right boundary equal to ﬁ
and, furthermore, with a (unit) mass at this point. Conversely, for the mea-
sure to have these properties, condition (9) must hold. We, in turn, establish
the spatial limit in (8) using representation (6), equation (13) and various con-

vexity properties of i and its derivatives. We stress that the requirement that

7 ({ﬁ}) # 0 cannot be relaxed. Indeed, we show in subsection 5.2, where
the measure is Lebesgue, that the spatial turnpike property fails.

Temporal turnpike limit: To establish the temporal limit in (8), we first
relate the finiteness of the measure’s support with a weaker version of (9).
Specifically, we show that if there exists v € (0,1) such that for all 4" € (v, 1)

and all v € (0,7),

Uy (z,0)

1

ug (2,0)

"_1

lim

ztoo XY

=0 and lim

ztoo Y

= 00, (10)

then the right boundary of the support must satisfy b = ﬁ and vice versa.
This "regular variation” assumption is weaker than (9), required for the spatial
limit and, naturally, yields a weaker result. Indeed, while the support has to
be finite with right boundary equal to ﬁ, it does not need to have a mass

at 1% In turn, we establish the temporal limit in (8), which is the genuine
analogue of the classical turnpike results. Obtaining this limit is considerably
more challenging than in the classical case due to the ill-posed nature of the
problem. Indeed, the methodology used in [12] is inapplicable due to the lack of
comparison results for the ergodic version of the equation satisfied by r (x,t) .
The approach of [3] does not apply either because of the lack of connection
between the solutions of the ill-posed heat equation and Feynman-Kac type
stochastic representation of its solution. Therefore, one needs to work directly
with the function r (z,t), which, from (6) and (7), is given in the implicit form

1

r(z,t) = /t yev @D =3v" (dy)
a



where, however, the spatial inverse h(~1) is involved, which is not explicitly
known. The key step in obtaining the temporal limit is to show that, for each
x>0,
A (z,t

fim @) _ @

tToo t 2
In turn, we establish the temporal limit in (8) as well as the rate of convergence
using the implicit representation

1

1 WD @) 1
r(x,t)*ax:/l W (y*a)ety( ’ Qy)ﬂ(d?/)-

In addition to the general spatial and temporal convergence results in (8),
we present two representative examples. In the first, the measure is a finite sum
of Dirac functions while, in the second, it is taken to be the Lebesgue measure.
To calculate the limits in (8) we first derive asymptotic expansions for both the
auxiliary function h(~") (z,t) and the dynamic risk tolerance function.

The paper is structured as follows. In section 2, we present the market model,
the forward performance criterion and a motivating example demonstrating that
the temporal and spatial limits do not in general coincide. In section 3 and 4
we analyze, respectively, the spatial and temporal asymptotic behavior of the
dynamic relative risk tolerance. In section 5 we present the two representative
examples and conclude in section 6 providing future research directions.

2 The model and the forward investment crite-
rion

The market environment consists of one riskless and k risky securities. The
prices of the risky securities are modelled as Ito-diffusion processes, namely, the
price S¢, t > 0, of the it" risky asset follows

d
S} = S | pidt + > of'awi |,

j=1

with S§ > 0, for i = 1,....,k. The process W; = (W,},...,Wtd), t>0,is a
standard Brownian motion, defined on a filtered probability space (€2, F,P) and
with natural filtration {F;}, ¢t > 0.

The coefficients u¢ and of = (J”, e afi) ,t>0,1=1,...,k, are F;-adapted
processes with values in R and R, respectively. We denote by o, the volatility

matrix, i.e. the d x k random matrix (Ug ’) , whose i*" column represents the

volatility o of the i'" asset. We may, then, alternatively, write the above
equation as ‘ o '
dsS; = S; (,u%dt +oy - th) .
The riskless asset (the savings account) is taken to be the numeraire and
has price process B, t > 0, satisfying dB; = rBidt with By = 1, and for a



nonnegative F;—adapted interest rate process r¢, t > 0. We, also, denote by
i the k-dimensional vector with coordinates pi and by 1 the k-dimensional
vector with every component equal to one. The processes us,o; and r; satisfy
the appropriate integrability conditions.

We assume that p,—r;1 €Lin (O'tT ) , where Lin (O'tT ) denotes the linear space

generated by the columns of of . Therefore, the equation o} z = y; — ;1 has a

solution, known as the market price of risk, \; = (UtT )+ (e — r¢1) . It is assumed

that there exists a deterministic constant ¢ > 0, such that || < ¢, t > 0.
Starting at ¢ = 0 with an initial endowment z > 0, the investor invests at
any time ¢ > 0 in the riskless and risky assets. The present value of the amounts
invested are denoted by the processes 79 and 7{, t > 0,7 = 1, ..., k, respectively,
and are taken to be self-financing. The present value of her investment is given
by the (discounted) wealth process X[, t > 0, with X[ = Zfil 7, which solves

dXZT :O'tT('t'(Atdt-i-th), Xg =T ZO, (11)

with the (column) vector m; = (ﬂé;i =1,.., k:) . It is taken to satisfy the non-
negativity constraint X[ > 0, ¢ > 0.
The set of admissible policies is given by

t
A= {w : self-financing, m; € Fy, E]p/ \05w3|2 ds < oo, X[ >0, t> O} .
0

The performance of admissible investment strategies is evaluated via the so-
called forward performance criteria introduced in [21] (see also, the references
mentioned in the Introduction). We review their definition next.

We introduce the domain notation Dy =Ry x Ry and D =R x R,.

Definition 1 An F;-adapted process U(z,t), (x,t) € Dy, is a forward perfor-
mance criterion if,

i) for each t > 0, the mapping x — U(x,t) is strictly increasing and strictly
concave,

it) for each m € A, U(XT,t) is a (local) supermartingale,

iii) there exists 7™ € A such that U(XT ,t) is a (local) martingale.

Herein we focus on the class of time monotone forward performance pro-
cesses, which constitute a rich enough class of forward criteria. They were
extensively studied in [25] and we refer the reader therein for all technical de-
tails. We only review the main results that we will use, some of which have
been already stated in the Introduction.

Time monotone forward performance criteria are uniquely represented by
processes of the form

U(z,t) = u(z, Ap), (12)

where v : Dy — Ry, and for each ¢t > 0, it is strictly increasing and strictly
concave in x, and satisfies
1 u?

2 Ugy



The market input processes A; and My, t > 0, are defined as
t t
M, = / As - dW, and A, = (M), = / IAs|? ds. (14)
0 0

Central role in the entire construction is played by the space-time harmonic
function h : D — Ry, defined by

t

ug(h(z,t),t) = e *T2. (15)

It solves, as it follows from (13) and (15), the ill-posed heat equation
1
ht + ihzz = 0, (16)

and, moreover, it is positive and strictly increasing in z, for each ¢t > 0. It was
shown in [25] that such solutions are uniquely represented in the integral form

bevrmgvit
h(zt) = / vy + C.

where the measure v € BT (R), the set of positive Borel measures, with the
additional properties that, for z € R,

b b
v((—00,0]) =0, / e’ v(dy) < oo and / éy(dy) < o0.

To simplify the presentation we choose without loss of generality the constant
C= fab %du(y) and introduce the normalized measure p (dy) = %V(dy). Then,
the function h admits the (unique) representation, for (z,t) € D,

b
h(z,t) = / Y3ty (dy), with 0 < a < b < co. (17)

From (15) and (17), we obtain that wu(x,t) is represented as

1 [ - . T -
u(x,t) :—5/0 e~h V@) ts (h(’l) (:r,s),s) ds+/0 e h V0, (18)

Note that, for ¢ = 0, the initial datum of the forward process is given by

U(x,O):u(x,O):/ e h TP E0 gy, (19)
0

which is fully specified by the risk preference measure through h(~1(z,0). Fur-

thermore, the initial inverse marginal utility, (u,(z, 0))(_1) , must be of the form

1 b
(U'(z,0))" =(ux(x70))(_1)=/ Y p(dy). (20)

a



We stress that (19) and (20) are if and only if characterizations in the sense
that only initial utility data with inverse marginals of the above structure are
admissible, otherwise equation (13) does not have a well defined solution for all
times in [0, 00) . For modeling purposes, the risk preference measure is extracted
from the choice of the initial utility or its marginal. Inverse marginal utilities
of form (20) were extensively studied in [19] in the classical setting.

It was shown in [25] that h, together with the market input processes A;
and M, yield the optimal allocation process 7w} and the associated optimal
wealth X}, ¢ > 0. Specifically, if the measure satisfies the additional assump-
tion, f; yeyz+%y2tu(dy) < 00, z € R, then the optimal processes are given,
respectively, by

X:=h (h(’l)(z, 0) + A, + Mt,At> and 77 = o M. (h(*l)(Xt*,At),At> .

(21)
The dynamic risk tolerance function r : Dy — R, defined as
Uy (x,t)
r(z,t) i= —————, 22
(z,t) = (22)
can be represented as
b
r(z,t) = h. (h“l)(z,t),t) _ / h TV @D=39t (). (23)
It, also, satisfies the ill-posed fast-diffusion type equation
L o ’ RV (2,0
re+ 57 e =0, r(2,0) =/ eV 0 u(dy), (24)
and, for each ¢ > 0, lim, or(x,t) = r(0,t) = 0.
The optimal portoflio process can be written as
mr = o (X}, Ap). (25)

It is easily seen that, for each t > 0, the function A (.,t) is absolutely mono-

tonic, since % > 0,4 =1,.... Such functions satisfy, for each ¢t > 0, the well
known inequality

(26)

I h(z,t) 0 h(zt)  (9h(z1) 2 -0
Ozit1 0zi—1 0zt -

In turn, for each t > 0, r (., t) is strictly increasing and strictly convex, since

he. (K=Y (2, t),¢) 1 b D L2
oz t) = 22 ) yh' " (@) =397t (g 0
r (-Ta ) r(x,t) T(I’,t)/a ye 2 /j/( y) >0,
and
1
rxx('rvt) = r3(l’,t) (hzzz(z’t)hz(z’t) - hiz(z7t)|z:h(_1)(w,t)) = 0’



where we used (26).
We note that throughout we will frequently differentiate under the integral
sign in (17) and in similar integrals, which is permitted as explained in [25].
As stated in the Introduction, the aim herein is to investigate the spatial and
temporal limits of T(i’t), with r(z,t) as in (22). We first provide an example
which shows that, contrary to classical turnpike results ([12], [3] and others),

these two limits do not in general coincide in the forward setting.

2.1 A motivating example

Case 1: Single Dirac function
The risk preference measure is Dirac, p =6 _1_, v € (0,1). From (17) and
-

(15) we have, for (z,t) € D and (z,t) € D, respectively,

71i 2= gtat =1~ st
h(z,t) =e™=" 20=>" and w,(x,t) =27 e 2T-7".

Therefore, the dynamic risk tolerance function is given by r(z,t) = ﬁx and
we easily conclude that the spatial and temporal limits are equal, given by (for
fixed tg and xg, respectively).
t 1 t 1
11mM:7 and 1jmm:7_
xToo T 1-— Y t1oo Zo 1-— Y
Case 2: Sum of two Dirac functions
The risk preference measure is given, for 8, € (0,1), by

. 1 1

To ease the presentation, we set k = ﬁ. Then, (17) yields
h(z,0) = "% + %2, (28)

and, from (15),
(ug (2,0) ) =777 4277 | (29)
Therefore, u,(z,0) =217 (V1 + 4z — 1)0_1, and, thus,
(2,0 920-) (T 4z — 1)°07Y
lim 2@ ( z—1) ~1. (30)

xToo zv—1 xToo -1

Furthermore, (16) and (28) yield, for (z,t) € D,

h(z,t) _ 6&27%/{2t _|_62/<;zf2n2t’ (31)

Tt can be also seen directly since, after differentiation, the relevant integrands are jointly
continuous in their respective arguments - see Theorem 24.5 in [1] and the remark following
it .

10



and, therefore, for (z,t) € Dy,

11 2
KD (2,8) = ~kt + ~In z . (32)
2 K 14+ V1+4dgert

Next, we calculate the risk tolerance using (22). Introducing f (z,t) :=

1+ V1 + 4ze—#"t rewriting (32) as

1
A=Y (z,t) = = 1n
K

and observing from (31) that h.(z,t) = ke~ 3%t 4 2ke27* 25"t we compute

ket

21es 1
r(xz,t) = h, (h(_l)(x,t),t) = Kexp <1n eE o Ii2t>

flz,t) 2

w2
2xe 2 x T

2 o — K2t
+2K exp <21n @) — 2K t) = QHf(x,t) +8nf2 (m,t)e .

Note that, for each zg > 0, limyoof (z0,t) = 2 while, for each ¢y > 0,

. 1 _
iz oo 775 75y = 0-
Therefore, limgoo r(z‘())’t) = limpoo % = k. On the other hand, for each
tO 2 07 l
t 8 8
lim r@ to) = lim — BT o=#*t — Jim % =2, y = xtg.
100 x 100 f (m, t) ytoo (1 +/1+ 4y>

In summary, reverting to the original notation, we have that, for each tg > 0,

_r(ato) 2 1
1 = = 33
- 1-0 1-4 (33)
while, for each ¢ > 0,
. r(xo,t) 1
lim ——— = ——. 34
t%g i) 1-6 ( )

Thus, the spatial and temporal limits of the relative risk tolerance do not coin-
cide.

Next, we make the following two important observations. Firstly, we note
that (27) yields that the support of the measure is

1 1
supp (1) = mvm .

Therefore, the temporal limit (34) coincides with the left end of the support
while the spatial limit (33) with the right end. Secondly, for each zy > 0, the

11



D (z0.4) . .
temporal limit of the ratio w is equal to half of the left end point of the
support, since (32) yields

RGD (2t 1
lim (I7 ) —

tToo t 2(1 — 9)

In section 4 we show that both these properties are always valid. In particular,
we will see that it is precisely the limit of the ratio M that plays the key
role in establishing the temporal turnpike property for general risk preference
measures.

To juxtapose the above results with the ones in the classical expected util-
ity setting, we compute analogous quantities and associated limits for the cases
analyzed in [12] and [3] for log-normal markets (Merton problem) because their
optimal feedback portfolio functions resemble the ones with time monotone for-
ward criteria. Without loss of generality, we consider a market with a single
log-normal stock with mean rate of return p and volatility o, and a riskless
account of constant interest rate r.

To this end, we fix an investment horizon T' > 0 and, in analogy to (29), we

take the terminal inverse marginal utility, It (z) = (U’T)(_l) (), to be of the
form ) )

IT (IE) =z ¢ +x_ﬁ7
for x > 0 and 6,+ as in (27). This corresponds to terminal marginal utility
Ur(z) =277 (VI+ 42 — 1)771 and, thus, in analogy to (30), we have that

lim Ur (z)

=1.
ztoo 2771

We consider the value function, denoted by u(x,t;T), of the associated
Merton problem, for ¢t € [0,T]. Letting 7 = T — ¢ be the time to the end of
the investment horizon, we deduce, using well known results, that the function
(2, 7) = u(x,T —t;T) satisfies, for (z,7) € Ry x [0,T] and A = £+, the
Hamilton-Jacobi-Bellman equation

1 ~2
=22 —=

=0
2 Ugy ’

with @ (z,0) = Ur ().

In turn, the inverse spatial marginal value function, ¥ : Ry x [0,T) — Ry
solves U, :%)\2x2ﬁm + A220,, with §(z,0) = I (z). We easily deduce that
(2, 7) = €Tz~ + A2 with « :2(1177)2)\2 and 8 :(1117)2)\2. Note that
B > 2a. Taking the spatial inverse of o(z, 7) yields

1-6
<e‘” +Ve2aT 4 4966137)

Uy (z,7) =

2z

12



Therefore, the related dynamic risk tolerance function 7 (z,7) satisfies (using

that er) = —%lnﬁw (z,7)),
i 1 (1 2e87 )‘1
Fle,7)=——(——
1—60 \x eaT\/W+ (e2a‘r + 4.’L‘€'67—)
and, thus,
Pz, T) 1 (1 2e87 )1
= — -z .
T 1—6 eaT/e2at + 4$6ﬁ'r + (62047 + 41’657—)

Direct calculations yield that, for each 79 > 0 and each xy > 0, respectively, the
spatial and temporal limits are given by
r(x, T 1 . T(xo, T 1

limgzi and hmwzi.

zToo x 1-— Y 7100 Zo 1-— vy
The two limits are equal and, furthermore, they coincide with the right end
point ﬁ

Motivated by this example, we are investigating the spatial and temporal

asymptotic limits of the dynamic relative risk tolerance function. The coefficient
~ is taken to belong to (0,1) to simplify the presentation as the case v < 0 can
be similarly analyzed.

3 Spatial asymptotic behavior of relative risk
tolerance

We examine the spatial asymptotic behavior of the local risk tolerance function
under asymptotic assumptions for large wealth levels of the investor’s initial risk
preferences. In accordance with a similar assumption in [12] and [3], we impose
it on the initial marginal utility u,(z,0) and not on wu(z,0) itself.
Assumption 1: The initial datum u(x,0) in (19) is such that, for some
v €(0,1),
lim 2207 (z,0)
xToo V1

=1 (35)

We stress that (35) is necessary for the spatial limit (39) to hold in general.
In the next section where we look at the temporal limit, the above property will
be relaxed.

Given the key role that the risk preference measure p plays, we first examine
what Assumption 1 implies for it. As the next result shows, (35) yields that its
support must be finite with its right boundary equal to —— and, furthermore,

() -
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Lemma 2 Assumption (35) holds if and only if the risk preference measure p
in (17) satisfies b = ﬁ and p ({b}) =1, i.e.

supp (1) C (o, 1_17] and ({1_17}> —1 (36)

Proof. From (15), (35) and the fact that h(x,0) is strictly increasing and of
full range, we have

1—y
| = qim 22 @0 g we((z,0),0) - ORGE00 T
ztoo Y1 2100 h’)’—l(270) e

Therefore, representation (17) gives

b

liTm ez(yfﬁ)/z(dy) =1. (37)
Ifa=10= ﬁ, then (36) follows directly. If a < b, then it must be that

a< ﬁ, otherwise we get a contradiction.
Next, let € > 0. Then,

b b
) 1
/ * W T) u(dy) 2/ 0 p(dy) 2662“({1—7+5’bD' %)

1
T—5 1€

Sending ¢ | 0 and using (37) yields that u ((ﬁ, bD =0, and thus supp(p) C
(a L } On the other hand, we have from (37) that

()" s
1 = lim VT u(dy) + u({ﬁ}) = u({ﬁ})v

ztoo /o

and we easily conclude. m

Next, we state the main spatial asymptotic result.

Proposition 3 Suppose that the initial utility datum is such that limit (35) is
satisfied. Then, for each ty > 0, the relative risk tolerance converges to the right
end of the support of the risk preference measure,

1
lim 77“(1‘,750) = —

= . 39
zToo xT 1-— Yy ( )

Proof. Let ty > 0. From Lemma 2 we have that

h(zyto)Z/(M) v VM0 (dy) 4 TP T E T Y,
a

14



In turn, by dominated convergence we obtain

h(z,t
lim % =1, (40)
#to0 (T2 T2 G52 10
since
h(z,t ()" S WV PO SR B
lim % = lim Tl TR) ety <1*7)2),u(dy) +1=1.
2100 eﬁz—iwto ztoo J,

Therefore, from (15) together with the strict monotonicity and the full range of
h(z,to), we deduce that

ugz(x, to)

lim ——————— =1 41
L S e T 1)
since _
lim _ Ua(zto) — lim € :
wtoo pr—le T ztoo (h(z, tg))1—le Tom 0
1—y
. h(Z,to)
eT—~ 2\1—+) 0
Next, we claim that
. t 1
lim —tee(@®f0) (42)

5 .
xToo 337_26_ 2(1—7) to Y= 1

To prove this, it suffices to show that, for each tg > 0, u,(x,tp) is convex
since the above would then follow from the arguments in Lemma 3.1 in [25]. To
this end, differentiating (15) yields

Ugza (R(2,t0),t0) (h2(z, to))2 + Uze (h(2,t0), t0) haz(2,t0) = i (43)

Then, the strict convexity of h and the strict concavity of u give that u,... (h(z,t0),t0) >
0, and using the strict monotonicity and the full range of h we conclude. Com-
bining (41) and (42) we deduce

t 2 (2,1t
lim rlto) _ lim (_u (2, o) )
rToo x rToo TUgq (l‘, to)

-1
= lim | — uw(x7t0) 'U/a;x(x,to) _ 1
zfoo 337_16_2(37*7)260 Q;"Y_Qe_ﬁto 1-— ’)/

Assumption (35), or equivalently (36), cannot be relaxed. Indeed, as we will

see in Example 5.2 where we take the measure to be Lebesgue on [a, ﬁ} and,

thus, there is no mass at ﬁ, the spatial turnpike property does not hold.

15



4 Temporal asymptotic behavior of relative risk
tolerance

We investigate the temporal limit of the relative risk tolerance,r(fci‘;’t), ast 1T oo
and for each xp > 0. This is the genuine turnpike analogue of similar results in
classical expected utility models and one of the main findings herein. It shows
that, for each space argument, the relative risk tolerance converges to the left
end of the support of the risk preference measure u. As in the spatial case,
we first relate the properties of the measure to the asymptotic behavior of the
initial (marginal) utility datum, but now using a weaker than (35) assumption.

Assumption 2: There exists v € (0,1) such that, for all ' € (v,1),

0
lim Y2 (&0 o (44)
ztoo 271
while, for all " € (0,7),
0
A CIL) (45)
ztoo XY -1
The above assumption is directly related to a condition (regular variation)
introduced in [6] and [13], for a discrete and a continuous time setting, respec-
tively.

Lemma 4 Assumption 2 is equivalent to the initial marginal utility u,(x,0) to
be varying regularly at infinity with exponent v — 1, i.e. for each k > 0,

lim M =1
zToo Uy (I’, 0)
The proof follows by routine albeit tedious arguments and is omitted.
Assumption 2, weaker than Assumption 1, implies that the measure has
finite support with its right end point being equal ﬁ, but without necessarily
having a mass therein. We prove this next.

Lemma 5 Assumption 2 is equivalent to the risk preference measure p in (17)
having finite support with its right boundary at ﬁ, namely,

. 1

inf{y > 0: p((y,00)) =0} = s (46)
Proof. We first show that Assumption 2 implies (46). We know by the results
in [25] that the support of the measure must be of the form (a,b], with a > 0,
and b < co. Using the strict monotonicity and the full range of h(z,0), we
deduce from (44) that, for each 7' € (v,1),

1—~
ozhmM:hmM:hm (h(zz’o)> 7
ztoo V1 ztoo (h(z’ O))“’ -1 ztoo

el—'

16



and, thus,

b 1
lim [ € (y7ﬁ>u(dy) =0. (47)
ztoo Jau
Therefore, if b > 1, the above gives a contradiction and, thus, it must be that
b<1.
Next, we assume that there exists v/ € (v,1) such that b = ——. Then,

1—v""
ii < 1jy' and (47) gives that, for & small

for each ¥ € (v,7') we have that ;
enough,

b

(ﬁ"_s)i 1 1
;#130 (/a e (v=1%) 4 (dy) +/1—1~7+5 ez(y”)u(d@/)> =0.

Therefore, it must be that u ({ﬁ + ¢, bD = 0.

[}

[

Sending ¢ | 0 gives p ((ﬁ, b ) = 0, which is a contradiction. Therefore,

we must have b < ﬁ Using (45)

and, thus, it must be that b = ﬁ
To show the reverse direction, we first observe that (46) and dominated

convergence yield that, for any € > 0,

Q

nd working similarly, we obtain that b > 1%
5

1

o h(z0) [T (- () _
e =t [ et D =0
Then, choosing v such that 1_17, = ﬁ +e(ie. vy =1~ %), we deduce
(44) for all " € (v,1). It remains to show (45). Let § > 0. For z > 0, we have

0< el 0 = e 3%
- - 1 1 1
h(z,0) fa(ﬁ*%) eW=(5 =27 (dy) +f;7g W= (25 -2))% (dy)
_i.
S = ( —L+é)i 1
JoTTR e u(dy)+u([m—§7oo))
e~ 3%

<

T _38) (1 19y, '
ST D )+ (1 - o))
Using (46) for ¢ = %, we obtain that p ((ﬁ — g,oo)) > 0. Passing to the
limit above as z 1 0o, and using that lim,4. f;ﬁf%)_ e(y_ﬁ+%)zu(dy) =0

(125 -9 .
= 0. We easily

and dominated convergence, we deduce that lim ;o G0

conclude. m
Next, we turn our attention to the left boundary of the support of the risk
preference measure,

a:=inf{y > 0: u((0,y]) > 0}. (48)

17



We will frequently use the identity

1
1—v —1
- / eV D=3 (dy), (49)

for z > 0, which follows from (17). Herein, A=Y (x,t) : D, — R is the spatial
inverse of h, which is well defined since h is strictly increasing for each ¢ > 0.

Lemma 6 Let h=Y : D, — R be the spatial inverse of h and a as in (48).
Then, for each xo > 0, limjoe %h(_l)(xo,t) exrists and, moreover, for each
t>0,

0

1
&h(_l) (.130, t) <

T 2(1-7)

Proof. Let x9 > 0. To simplify the presentation, let f(z,t) := h(=Y (x,1).
Then, equation (16) gives

< (50)

N

1
_ lhzz (f ($07t) ,t) _ lfal—w eryf(xo,t —%y2tu (dy)
2 he (f(@o,t),t) 2 75 yenflot vty (gy)

ft(x07t)

and inequality (50) follows, since a <y < ﬁ As mentioned earlier, differenti-
ation under the integrals appearing herein is valid given the properties of their
integrands. Differentiating once more gives

1 2
falf’Y (yft(xo’t) — %yQ) eyf(IOat)7%y2tu(dy)
faﬁ yeyf(ﬂﬂoi)—%y%'u(dy)

ftt(l'o,t) = — < 0 (51)

Therefore, we conclude that f;(zg,t) is bounded from below and decreasing in
t, and hence its limit as ¢ T oo exists. ®

We are now ready to present one of the main findings herein, a result inter-
esting on its own right, that yields the temporal asymptotic behavior as t 1 oo
of the ratio w, for each zyp > 0. We show that it converges to half of
the left end of the support of the risk preference measure and, also, provide the

rate of convergence.

Proposition 7 Let A=Y : D — R be the spatial inverse of h and a as in (48).
Then, for each xo > 0, the following assertions hold:

‘ . p=D
i) The ratio hf(wot) converges to g,

R (zo,t)  a

=y 2
ii) Let
RV (20, t a
A (m,1) = E 0 )—5. (53)

18



If a > 0, then

v (e
IA (z0,8)] < =In | —+—2 | A(zo,t) <0, (54)
at i)
and )
zo > p(la,a+ A (zg,t)]) e2?2E@0D A (24, 1) > 0. (55)

If a =07, then A (xg,t) > 0 and, moreover, for each 6 € (0,1),

1-02

w0 2 p ([A (o, 1), (1+60) A (o, 1)]) e B0 = (56)

Proof. Part (i):
Let g > 0. Recall that, from Lemma 6, lim h(_l)(gco7 t) exists. Moreover,

rewriting (49) as
= h(D @) 1
1=y ty| —————35
Io::][ S Qy)pwdyx (57)

we see that limsoo h(*l)(xo, t) = oo, otherwise, sending t 1 co we get a contra-
diction.
Next, let

R (zo, t
Alwo) = lim 0D iy D) (58)

ttoo t t1oo
where the last inequality follows from L’Hopital’s rule and the full range of h.

Inequality (50) then gives

1
< A(IO) < m

ﬁ. We look at the following three

(59)

We claim that, for each zg, A (z) <
cases.

a. If a = ﬁ, then ¢ = b and h(_l)(xo,t) = lnx(l)_w + %rl“/)t’ and the
result follows directly.

b. If0<a< ﬁ, we argue by contradiction assuming that there exists zg

such that A (zg) = ﬁ Then, for € > 0, there exists to(xo, €)) such that, for
t> to,

(=1)
e < h (l'o,t) . 1 <e
- t 2(1—7) ~

In turn, for § > 0 small enough, the above inequality and (49) give

1

= —2e-5) i—e
2o > /(1 E ) ety(ﬁ%*%y),u(dy)—l—/l N ety(ﬁfsf%y)ﬂ(dy),

ﬁ72575
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which yields a contradiction as ¢t T co. Next, assume that there exists xg > 0

such that 1

2

Then, for £, > 0 small enough, we have

0 < 2A(wo) — ) — 5 < 2(Alwg) — &) < % (60)

From (49), we deduce that, for t > to(e, zo),

1

20 > / ettt 1 gy, (61)

If 1 ({a}) # 0, then zo > e% (2(Alo)=2)=a) ({1 and sending t 1 oo yields a
contradiction. If u ({a}) = 0, then

1

= A L s 2(A(zo)—e)—0 A L s
o 2/ (A== 45%) ) Z/ H(AE0)=0)=44) ().

Next, we consider the quadratic B (y) := y(A(zo) — €) — 3%

We have that B (y1) = B(y2) = 0, for y3 = 0 and y2 = 2 (A(zg) —€),
B(y) >0, for 0 < y < 2(A(xg) —¢€), and B(y) achieves a maximum at y* =
A({IJ()) —E&.

We also look at its minimum y, = ming<y<2(A(zg)—e)—s B(y) and claim that
Y = 2(A(xg) —€) — 6. Indeed, if 0 < a < y*, choosing § < a, direct calculations
yield that B(a) > B(y.). If y* < a, then (60) yields that a < y. < y2 and, thus,
the minimum also occurs at y.. Clearly, because y; < y. < y2, we have that
B(y.) = 36 (2(A(x0) — €) — §) > 0. Therefore, for t > to(zg, ),

)
2(A(zo)—e)—06
o 2/ e"BW) u(dy). (62)

As t 1 oo, the right hand side of (62) converges to oo, unless it holds
that u([a,2(A(xg) —€) —d]) = 0. Sending 6 | 0 and ¢ | 0, we obtain that
w([a, 2A(zo)]) = 0, which, however, contradicts (48). Therefore, it must be
that, for each zg > 0, A(xg) < §, and we easily conclude.

c. If a =07, similar arguments yield that for every 6 € (0, A (z¢)] it must
be that w([f,2A(x0)]) = 0. Sending 6 | 0 yields u((0,A (x0)]) = 0, which
contradicts (48).

Part ).

We first assume that a > 0 and look at the following cases for A (zg,t),
defined in (53).

If A (zo,t) <0, (49) yields

1

To = /ﬁ 6ty(A(ro,t)+%(a—y))#(dy)
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g etu,A(wo,t) /ﬁ e%ty(afy)/i (dy) S etaA(:vo,t)M <|:a7 - 1 :|> )
) -7

and (54) follows.
If A (xg,t) > 0, then (52) yields that, for € small enough and ¢ > ¢y (2, €)

-1
large enough, the inequality 0 < hf(%t)

-1
§ yields 0 < b (@ot) t(xo’t)

— 4 < ¢ holds. Choosing ¢ such that

1 . 1
-5 < m—%,andusmgtha‘na<m

1
€< ~
gives

(=1)
a. A=Y (g, t) < 1

2 t ~1—v
In turn, from (49) we deduce that

wle

+h(_l)t(m°’t) ty(;l(—l)(w,z) _£>
t 2
xo > e w(dy) .

a

t
R (o,
t

(-1
The quadratic H(y) :=y W (@out) _ %) in the above integrand becomes

s g and, therefore, its minimum occurs
-1 (-1
at one of the end points, a or § + A @t)  Note that a < S+ hfw <
y3. If the minimum occurs at a, then H(a) = aA (xg,t), while if it occurs
(-1 (-1 (g (-1 (g
at %_’_ h t(xg,t)7 then H(%+ h t(uLo,t)) _ %<%_~_ h t(»Lo,t))A(x()’t) >
1aA (wo,t).
Combining the above gives

zero at y; = 0 and y3 = 2

(=1) (¢
%+h t(‘ 0-t)

g > / 6%taA(:Eo,t)u (dy) — u([a,aJr A (Io,t)]) eétaA(xg,t).

. 2 (wo,0)
Finally, let a = 0%. Then, A (z,t) = *=—"==.
Recall that limqjee h(=V(zg,t) = oo and, thus, w > 0, for ¢ large.

-1 -1
For € € (h t(mo’t) ,2n t(xo’t)> , we then have

e ty(h(*l)f(wo,t) _%> € ta(h(*l)f(wo,t) _%>
Lo = [ € ’ pldy) = | € ’ 1 (dy).

(=1)
h (zq,t) h zqg,t)
t t

-1
Setting ¢ = (1 + 0) w, inequality (56) follows. m
We are now ready to prove one of the main results herein. It yields the
temporal limit of the relative dynamic risk tolerance and, also, provides the
related rate of convergence.

Theorem 8 Let a be the left end of the support of the risk preference measure
w and A (zg,t) as in (53). Then, for each xq > 0,

lim TF0t) _ (63)
tToo xo
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Furthermore, there exists a function G (xq,t), given by

77 (g = a)e U5 pu(dy), if A (wo,1) < 0
G(l’o,t) = L N )
4 2A (g, t)fa—y .
24 (.’170715) o + fal;z’yA(zo,t)(y - a)ety(of)u(dy)’ ZfA (l‘o,t) >0,

satisfying limyyoo G (z0,t) = 0 and, for t large enough,
0 <r(xzo,t) — axg < G (x0,t). (64)
Proof. Differentiating (15) gives

1 0

Ugy (20, 1) = (2 - 8th<1>(x0,t)> ug (20, 1).

Moreover, (13) and (22) imply that u(zo, t) = —Fug (2o, t)r(zo,t) and, in turn,

1 1
Uty ($O7t) = 7§uxm (:L'Oat) r (‘TOat) - 5“1 (:Co,t) T (x07t) .

Combining the above we deduce

1 0

370, 1) = 5h(_1)(x0,t)7 (65)
and from Proposition 7 and (58) we obtain that

}gg ro(zo,t) = }'lrglo 2%}1(*1)(%,75) =a.

On the other hand,

Zo
Clilog i re(z, t)dz = r(xo,t) Cligr}rr(c,t).

Using the fact that, for all ¢ > 0, lim, o r(z,t) = 0, we get that, for xy > 0,

r(wo,t) = [° ry(a,t)dz. Finally, we deduce from (65) and (51) that re (2o, t) <

0, and thus, for g > 0, we have, for y € (0,x¢], that r.(y,t) < rz(z0,0).

However, for each xy > 0, r;(z0,0) < oco. This follows directly from (23), (17)

and the full range of A (z,0), since

h..(z,0) faﬁ eryz_%t2yu (dy) - 1

r: (h(z,0),0) = = < .
( ( ) ) hz (z’O) faﬁ yeyz—%ﬂyu(dy) 1—’7

Using dominated convergence and passing to the limit as ¢t 1T oo in (65), we
deduce (63).

Next, we give an alternative convergence proof which also yields the rate of
convergence. First note that

r(xo,t) —axg > 0. (66)
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This follows directly from (23) and (17) since

1

1 R —
i— (=1 (zq,t) i— (=) (zq,1) b
r (xo,t) :/ B —3") jy(dy) > a/ R —29") 1y (dy).
a a

Furthermore, from (23), (17) and (53), we have

1
1—v 2A(zq,t —1
e

r(zo,t) — axg = / (y—a) w(dy) > 0. (67)

If A (z9,t) < 0 (which occurs only if a > 0, as shown in the previous proof),
the above equality yields

1

T— y—a
r(xo,t) — azxg < / ’ (y — a)e =) p(dy),
a

and (64) follows directly with G (t) := faﬁ (y — a)e~ T u(dy).

Let A (xg,t) >0 and a >0ora=0".Ifa = ﬁ, then the result follows
trivially.

For 0 <a < ﬁ, observe that for ¢ large enough, 0 < a + 2A (zo,t) < ﬁ
and, thus, representation (67) gives

(a+2A(z0,0)) i
r (w0,t) — azo = / (y — @)=

+/ 2A( )(y ) I A  u(dy).
a+ xo,t

2A(7E0,t)+a,—7/)
= n

Introduce Cy (xg,t) := fa(aJrzA(wo’t))_ (y — a)et¥
that

(dy) and observe

2A(9~'0’t)+a*y)
=

(a+2A(zo,t))
Cq (mo,t) < 2A (aso,t)/ ety( (dy) < 2A (z,1t) o,
a

where we used (49). Thus,

%%m 01 (LL'(), t) =0. (68)

1 20, t)Lay
Let also C2 (20,) == [\ ga(me.t) (¥ — a)ety(%)'u(dy) and

(zg.)+a— 1
pty (20D y), S a+2A(m0,t),17

F(y,t,x0) = (y—a) =

Then, F (a + 2A (xo,t),t,20) = 2A (x0,t) and, thus,

}#Hl F (Cl, + QA (Io,t) ,t7I0) = O
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Furthermore, for each y € (a + 2A (xo,t), ﬁ , we also have limyyoo F' (y,t, z0) =

0. In turn, dominated convergence gives

tl%m CQ (ZE(), t) = 0. (69)

Setting G (xo,t) = C1 (xg,t) + Ca (0,1t), and using (68) and (69), we obtain
(64). m

5 Examples

We present two representative examples in which the risk preference measure is,
respectively, a sum of Dirac functions and the Lebesgue measure. The first one
generalizes the results in subsection 2.1 while the second demonstrates that the
spatial turnpike property fails if there is no mass at the right end of the support
of the risk preference measure.

5.1 Finite sum of Dirac functions
We assume that, for some v € (0, 1), the risk preference measure is given by
al 1
p=) 0y, 0<y1 <---<yn=-—.
Then, h(z,0) = Zﬁ[:l e¥»# and, thus, lim,j h(2,0)e”¥V* = 1. In turn, (15)
yields
lim 225 (z,0)

=1
atoo 271

3

which confirms the results of Lemma 2. Furthermore, we easily obtain (cf. (17))
that, for (z,t) € D,

N
1
H=3 exp (y - 2th) | (70)
n=1

Therefore, for x > 0,

w—Zexp (1 (h( et ). (71)

We first provide the temporal and spatial asymptotic behavior of h(’l)(x, t)
for large t and large x, respectively.
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5.1.1 Temporal asymptotics of h(~1

We claim that, for each xy > 0, as t T oo,
1 1
Y (20,t) = g1t + — Inzo + o(1). (72)
2 hn
Indeed, the limit in (52) gives

RV (zg,t) 1 <0, 1<n<N
3 :

t =0, n=1

lim
t1Too

Therefore, as t 1 0o, all terms in (71) vanish except for the first one. In turn,
1
To = gm exp <y1h(1)(rg,t) - 2y%t> , (73)

and taking logarithm and rearranging terms yields (72). Note, also, that for
each t > 0,

1 1
R (g, ) — iylt < —log zo. (74)
Y1

5.1.2 Spatial asymptotics of h(—)

We claim that, for each ty > 0, as x T oo,
1
A=Yz tg)=(1—y)lnz+ ——
Y
We first establish that, for each tg > 0,

(=1
lim h (I7t0)
zToo Inz

independently of . Indeed, fix tg > 0, let 6 € (0, ﬁ) and assume that

RV (x, 1) 1
lim inf ! .
1:;%;21 Inx < —i +4

Then, using (71) and that h(~Y(z,t) > 0 for large x, we obtain

K-t x,t 1
1= hg%glff Zexp (yn Inx 1 (3; 0) _ 2y3t0>

(=1 (z,t0) 5

= (-1 -1
gthinfa:H( e )<Nliminfx )

xToo zToo

which yields a contradiction. Since § is arbitrary, we deduce that

(=1
i inf P t0)
zToo Inz

> (=), (77)
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Similarly, assume that, for § € (O, ﬁ),

RCD (2t 1
lim sup (z, ) > .
oo Inz — =0

Then, using (71) once more, we get a contradiction since

1 1 R (¢ 1/ 1 \?
1> limsup — exp lnx (2, o) — = ( ) to
oo T 1—~ Inz 2\1—v

(D,
= limsupxﬁ%—le—%(ﬁ)zto = o0,
xToo
where we used that ﬁ 1%71_ 5 = 15;&1),” > 0. Since ¢ is arbitrary, we deduce
that -
hi= Y (2, t
lim sup M <1-—49, (78)
ztoo Inz

and we easily conclude.
Next, we rewrite (71) as

N
1
1= Z exp (ynh(_l)(x,to) - §yit0 - lnx)
n=1

N
=D (2, ¢ 1 1
S () L)
Inx Yn 2

n=1

Note that from (76), we have

) (M4M%m) 1) <0, 1<n<N
lim (| ———— — — .
@too Inx yn) |=0, n=N.

Therefore, as x 1 0o, the first N — 1 terms in (79) vanish, and we deduce that

1 1/ 1\
1= i}rn’oé exp (Mh(—l)(m‘,to) —Inx — 5 (17> t0> 5
and (75) follows.

5.1.3 Spatial and temporal asymptotics of risk tolerance

From (23) and (70), we deduce that the dynamic risk tolerance function is given
by

N
1
— (=1) a2
r(z,t) nEZI Yn €XP (ynh (z,t) 2ynt) . (80)
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Let tg > 0. From (80), we get

N
1
lim r(x,ty) = lim n € n((l—v)Inx + ———to) — =y to |,
ti v t0) = i 3 exp (31 =) o) = gt

n=1

and we easily deduce that, as = 1 oo,

N
1 1 _
r(z,t9) = nz::l Yn €XD (2ynto(1 — yn)) 1= 4 o(1).
Next, let 2 > 0. From (80),
ol 1 1 1
r(xo,t) < ; Yn €XP <yn(2y1t + ; lnzg) — 2y721t)

Yn

N
1
=170+ Y Yn eXp (2yn(y1 - yn)t> L

n=2

and, therefore, as t 1 oo,
r(x0,t) = y170 + O (e%yz(yl—yz)t) _

In summary, for each xy > 0 and each ¢ty > 0, respectively,

. r(x,to) 1 . r(mo,t)
lim ——— = —— = and lim ———— =y, 81
zToo x 1-— Y YN tToo X0 h ( )
and these spatial and temporal limits are consistent with the findings in Propo-
sition 3 and Theorem 8.

5.2 Lebesgue measure

We assume that the risk preference measure p is Lebesgue on [a, ﬁ} , with

a = 0% or a > 0 and, thus, it has continuous support without a mass at its right
end for the spatial turnpike limit to hold. The analysis that follows is tedious
so, to ease the presentation, some intermediate steps are omitted.

Case 1: a > 0. X

From (17), h(z,0) = [ =7 e¥*dy and, thus, (6) yields

i Y2 @0
ztoo  xV1
We introduce the functions ¢(z) := e~ and D(z) == [ __p(y)dy, z € R.
Then,
. /2 pbVi-z/V

1—v 1,2
h(z,t) :/ eV dy = (y)dy. (82)

— ¥
\/E a\/ffz/\/f
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We also have, for z > 0,

_ r(=1) (&,
= yt(h( D (.t) ,;y> 1 w-D(an? ﬁﬂ—ff”
t 2¢ - r)
T = e dy = —e 2 o(y)dy.
a \[ a

t \/g_h(;\/);zvt)
(83)
5.2.1 Temporal asymptotics of h(~1
We show that, for each xy > 0, as t T oo,
(71) 1 1 a
h T (xo,t) = iat + . (lnt +Inzg+1In 5) +o(1). (84)
For this, we first establish that
: ea(h™ P (zo,t)—$at)
=1i 85
o= hm ®)
To this end, using (83) and that, for z < 0,
a(z) < -2, (56)
we obtain, for ¢ large enough,
2
1 (h(_l)(.’lio,t)) ( h(il)(l‘o t))
29 < —exp | ——m—L | D —aVt + ———2
0= 7 p ( ot NG
2
<L 1 exp (R (o, 1) ® (—a\/i-&- h(_l)(xoat)>
= Viayi- F0d) 2 Vi
1 @ tan)
at — h(=1(z0,t) ’
Proposition 7 yields
ea(h(’l)(xo,t)—%at)
o < liminf (87)

tToo %at

Next we show that

(R (o,t)—Fat)

xo > limsup

1 )
tToo §at

which together with (87) will establish (85). To this end, we use that, for any
B > a > 0, the inequality

p(a) —(B) (88)



holds. Let 1 < k <
for ¢ large enough,

ﬁ. From (83) and the above inequality, we have that,

1 (n= 1>(L0 t)) (mo, t) h(_l)(xo,t)
xo = %e ( (kav't — T) — ®(avt - \/f))

1 1 OIUTD)
= Vi havi— iC 1><xo,t> i

(wo,t) (z0,1)
(o i st )

ea(h™ P (o, t)—%at) _ oka(h(™V (xo,t)—Fkat)
kat — h(=1)(x,1t)

From Proposition 7 and since k > 1, we obtain that

eka(h =Y (wo,t)— L kat) eka%(%—%)
li =li =0.
toe kat — h(=1) (g, t) oo at (k _ h<*1>(wo,t))

at
Therefore,
1 (—1) (—1) 1
> 1 ( a(h=V (z0,t)=%at) _ ka(h (wo,t)fékat))
o= D kat — hCD (2o, 1) \°

ea(h™ 1 (o, t)— L at) eka(h™D (zo,t)— S kat)

> 1 li
= Zl\lolz kat — h(fl)(l’o, t) t’lTIOI}D kat — h(il) (1’0, t)

ea(h™ (zo,t)—Lat)

=1
lmf;gz kat — h(=D(xq,t)’

and sending k£ | 1 we conclude.
Next, we utilize the Lambert W function, W (z), defined as the inverse of
F(x) = ze®. Setting

1
4 (‘TOat) = h(il) (l'o,t) - Eat7

we deduce from (85) that there exists e (¢) with limytee € (£) = 0, such that
ea&(zg,t)
S ——

Lat — 6(zo, t) (1+e(®)zo

Rewriting yields

a

A+e®))ro.

1
a(ﬁat — (zo, t))e“(%at%(wmt)) _
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and, therefore,

o 1 1 a %azt
6($O7t) = §at EW (M‘(t))[ljoe ) .

It was established in [4] that the asymptotic expansion of W (x), for large z, is

given by
W(z) =Ilnz —Inlna + o(1).

Thus,

1 To 12
=—|(ln—+1In(1 t In(-a“t+1
a(na+n( —|—5())—|—n<2a +1In

o))

Using that, as t 1 oo, In(1 + ¢(¢)) = o(1) and that

1 a 1
In (2(1215 +1n (1—1—5(1&))300> = ln(iazt) +o(1),

assertion (84) follows.

5.2.2 Spatial asymptotics of h(—1)
We show that, for each ¢y > 0, as = 1 oo,

Y (o) =

1
to+ (1 —7) (lna:Jrlnln:cln 7
-

1
— + o(1).
21— 1) ) +et0
We first establish that

(=1)
lim W@, t) _
zToo Inz

Indeed, let f(z,t) := %eﬁz_%(ﬁ)zt. Then,

1
lim &) _ /1_7 2 T30 =(25) o gy,
zToo f(Z, tO) zToo a

- 2
= lim (/ ’Y(Z — yto)ez(y_ﬁ)_%(yz_(ﬁ) )tody

zToo

1
+/1—v ytoez@lu);(f(lu)%tf)dy)
a

= lim (1 - el mDe 3 (25) o
ZTOO

30

+ o(1).

(89)

(90)



1
+/H ytezw—l_%)—é(yz—(Q)Q)tody> =1

where we used that a < ﬁ and monotone convergence. Therefore, for each
tO > 07
h(z,t
lim 22 t0) (91)
zToo f(Z, to)
We now use an auxiliary result on inverses of asymptotic functions from [9]

(Theorem 2(i)) to prove (90) by verifying the necessary assumptions. To this
end, let g(z) := (1 —~)Inz, z > 0, and notice that, for large z,

1
g(f(z,t0)=—1—-y)lnz+2— ————
(Faate)) =~ (1 - ) e
Thus, lim,1 271 f(2,t0) = 1. Since, on the other hand, lim,1o. f(2,t0) = o0,
we deduce that f(~1)(z,t) ~ g(x), as 2 1 co. Moreover, g(z) is strictly increas-
gelzd) | 1 _ O(2) for sufficiently large x. It, then, follows

ing and the ratio

g(x,t) zlnz
from the aforementioned result that limg oo #8750) =1 and (90) follows.
Next, we establish that, for each tg > 0,
i eﬁ(h(fl)(ryto)*%ﬁto) ) 0
s zlnx - (92)
Indeed, if tg = 0, we have from (83) that
1
=7 p-D 1 1 p(=Dg (-1
_ yh (,0) _ —==h (z,0) _ _ah (z,0)
x = /a e dy = WD (z.0) (e g e ) . (93)
and (90) yields
Lm0 rk 0 e roh e o0 (0)
oo zlnz " teo xh(=1(x,0) Inz =T

For tg > 0, we deduce from (83) that

e (o ) o ).

Then, for large =,

1< " ! exp <(h(_l)(x’t0)>2> b ( 1 ’Y\/F_ h(_l)(xvtO))

20

IN
SHE

- exp
D (wito) 1 ( ot
Vto . 1—v to 0



1 1 h(—l) t ﬁ(h(il)(zvto)—%ﬁto)
xome (v - Sy T
Vie T \1—7 Vo x(h(=D(z,to) — —to)
In turn,
BTV @) =3 E5t) (=D (p ¢
1 < lim inf | S - (@,t0)
oo ch(=D (2, tg) R (z,t0) — 15 to
e (TP @) =3 25 t0) R (2, t0)
= lim inf lim — ,
zToo .’Eh(_l)(l’,to) zToo h(fl)(x,to) — mto
and, thus,
eﬁ(h<7l)($,to)—%ﬁto)
1 < liminf . 95
= T 2 (2, 1) (95)

Next, we use the inequality

—p(b
o(b) — (a) > M, for a<b<0, (96)
and deduce from (94) that, for large x,
1 BV (@, 1))\ 1 1
1> EGXP 2% ﬁ \/F R (z,t0)
Wit = 7
h(il)(l‘ to)) ( 1 h(il)(fﬁ to)))
X avty - —— | — Vio — :
(¢< TV AT S
o125 (WY (2,t0)— 3 25 to) (B (,t0) ~ S ato)

w(hD(x,t)) —atg)  a(hD(x,1,) — aty)’

Proceeding with analogous convergence arguments we used to establish (95),
we obtain that
| eﬁ(h(fl)(%to)—%ﬁto)
1> limsu
- zToop xh(=D(x,t0)

(97)

Combining (95) and (97), we obtain (92). Taking the logarithm of both sides of
(92) gives

1 1
lim <11 <h(1)(z,t0) - )to> —Inz — lnlnx> =In T ,

zToo - 2(1—’}/ -

and (89) follows.
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5.2.3 Temporal and spatial asymptotics of risk tolerance

We first observe that (23) and (82) yield

1

=1 -
r(,t) = / O ) i (98)

RD(rt) [T5
+#/ Vh TV @h—3vt gy

ea(h V(@ t)~tat) 15 (WD (@)~ gr5t) RV (2, 1)

t t 4

We show that, for each xy > 0, as t T oo,
1 =
a(l—~
r(zg,t) = axg — <2G,CL'0> tati—m Loz (¢m Tt (99)

i) a
—(Int +1 In - 1).
+at(n +Inzy+ n2)+o( )
From (84), we obtain that

—1
li oo (WY (@o,t) = 55t
im
tToo t

1 1
= 1 _ = (p=D (1 ="1
lim exp (1 v(h (0,1) = 3 i (1=) nt))

=1i - (=1 _ — 1 I S (a(1, ) 1)Int
= t%m exp (1 'y(h (z0,1) 2at nt) 571 'y(l 5 a)t | e Bl

. 1 a 1 1 1
=limexp| ——(Inzg +1In-) + a t) ted—
hmesp (7 5o +1n3) ( )

GO Y s L g
1
a7
= lim <1ax0> T gt et (e Tt
ttoo \ 2
Furthermore,
A (20, 1) . (%o a
}}rrglo — "y = %0 + }g}no (E(lnt +Inz +1n 5)) ,

and we easily conclude.
Next, we establish the spatial asymptotics of r (z,t) for large x.
If tg > 0, we easily deduce from (98) that, as x 1 oo,

1
r(x,tg) =

— 1 _
Telnlng + o (1= y)zlnz)*37 ezalrs -0t (100)
0 0
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+ zln + o(1
2(1-19) to - @)
If tg =0,
1 1 6ah(’1)(x70)
0) = — —
T(xa ) 1_71' <1—’y a) h(_l)(l‘,0)7
and, thus, for large x,
(£,0) = ——a(1 — =) + o() (101)
r = - — .
“ 1-— Wx mz’

In summary, we have, for each xy > 0,

t
lim r(z0,) =a,
tfoo o

which is in accordance with the results of Theorem 8. From (100) and (101),
we obtain that for tg > 0 and ¢ty = 0, respectively,

— 1
Tylnlnz  and r(z,0) ~
to -7

1
r(x,tg) ~

x.

Therefore, the spatial turnpike property (39) fails, for the risk preference mea-
sure lacks a Dirac mass on the right end point for Proposition 3 to hold.
Case 2: a =0

If the risk preference measure is Lebesgue on (0 , we obtain, for ty > 0,

L}
’ T—~
the same spatial asymptotics for A=) and r, and the lack of the spatial turnpike
limit, as in the case a > 0.

For the temporal asymptotics of A=) we claim that, for each z¢ > 0,

h(_l)(moﬂf) \/lnt+21nx—ln27'r+ ( 1
p— 0 R
\/E \/E

). (102)

1 _
To see this, notice that (83) becomes zg = [;7 7 e¥(h " (@0.)0=3u0)qy  Taking
logarithm of both sides yields

(1) 2
2Inzo = <h\(ffot)) —Int (103)

+21n (cp (\/5(117 ) h(—l)ixo,t))> e (_h(ﬁm))) |

hY (wo,t)
Vit

Next, we claim that [ := liminfi
t 1 00, (103) would give

= o0. Indeed, if | < oo, then as

2Inzy = 1% — hthnlnt +2In(1 — ®(=1)) = —o0,
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which is a contradiction. Therefore, it must be that [ = oo, which combined

-1
with the fact that lims e w = 0, implies that the third term on the right

hand side of (103) converges to 21n+/27. Thus,

R0 (20, 8)\
2ln$0:tl%m <(\2€O’)) —Int+2Inv2mw

from which we deduce that h(=1)(zg,t) = \/t(Int + 2Inz — In27) + o(v/#), and
we easily conclude. The rest of the analysis follows easily.

6 Conclusions and extensions

We studied turnpike-type limiting properties of the dynamic relative risk tol-
erance function in an Ito-diffusion market and under time monotone forward
performance criteria. We showed that, contrary to turnpike results in the clas-
sical expected utility framework, the asymptotic temporal and spatial limits in
the forward setting do not in general coincide. Rather, they depend critically on
the left and right points of the support of the underlying risk preference mea-
sure. The spatial limit coincides with the right end point of the support while
the temporal one with the left end point. Central role in the analysis is played
by the asymptotic properties of the spatial inverse of the underlying space-time
harmonic function.

There are various extensions of both the results and the setting we investi-
gated herein. Firstly, one may study the asymptotic properties of the optimal
wealth and optimal portfolio policy processes provided in (21). Naturally, their
asymptotic study will involve the long term behavior of both the market and
the investor-specific inputs.

In a related direction, an interesting problem is how to construct investment
policies that yield a targeted long-term wealth distribution. In a static model,
elicitation of risk preferences from desired distributions was studied in [28] and
in a dynamic setting in [18], where markets were assumed to be log-normal and
the analysis was done in both the classical and the forward setting. However,
in the latter work, there is a strong model commitment which is not a realistic
assumption for long-term portfolio management. In the Ito-diffusion market we
consider herein, the model is adaptively updated. Preliminary results on the
above questions can be found in [10].

Another line of research would be to study spatial and temporal turnpike
properties under forward performance criteria with non-zero volatility. In this
case, the closed form solutions we used herein do not hold and analogous ex-
pressions are not known to date. In Markovian models, one may reduce the
forward SPDE derived in [24] to a finite dimensional ill-posed HIB equation
(see, among others, [24][26] and [27]) which can be, in turn, used to analyze the
related feedback functions. On the other hand, these ill-posed equations do not
admit comparison results which makes the analysis quite challenging.
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