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Abstract

We study optimal portfolio choice models in markets with partial information
about the stock’s drift. We first solve the single agent problem for general
utilities using a new approach that yields regularity of the value function and
closed-form expressions for the optimal processes. We then consider a N→player
game in which players interact through the law of peers’ wealth and study its
mean field limit. This leads to a mean field game with common noise in a
reduced, complete information market with unbounded controls in both the drift
and the volatility. For its solution, we derive a new master system, comprised
by the master equation and an optimality condition for the candidate mean field
equilibrium control. We analyze the cases of separable couplings and general
utilities. Using insights from indi!erence valuation, we represent the value of the
game as a compilation of the solution to the problem of a single player without
competition and a function solving a non-local quasilinear pde in the space of
measures. When the couplings depend only on the average of peers’ wealth, we
derive explicit solutions and various regularity results for representative cases.
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1 Introduction

The paper contributes to the areas of optimal portfolio management with partial
information and to mean field games (MFG) in such markets with common noise
and unbounded controls. In the first part of the work, we revisit the single agent
(no competition) expected utility problem of terminal wealth. Under general
utilities, we produce regularity and new representation formulae for the value
function, and the optimal wealth and portfolio processes. The results fill a
gap between existing explicit expressions for special (homothetic) utilities and
abstract results derived with general duality arguments. In the second part of
the paper, we introduce a N→player game and its continuous limit, where the
agents interact because of relative performance concerns involving the law of
peers’ wealth. This leads to a mean field game with common noise in a reduced,
complete information market with unbounded controls in both the drift and
the volatility. For its solution, we derive a new master system, comprised by
the master equation and an optimality condition for the candidate mean field
equilibrium control.

We analyze the cases of separable couplings and general utilities. Using insights
from indi!erence valuation, we view the value of the game as the writer’s value
of a claim given by the coupling at the optimum. This guides us to represent
the value of the game as a compilation of the solution to the single player
problem without competition and a function solving a non-local quasilinear pde
in the space of measures. When the couplings depend only on the average
of peers’ wealth, we derive explicit solutions and various regularity results for
representative cases.

The underlying market model consists of a riskless bond (of zero interest rate)
and a stock of price S with unknown drift ”, partially observed through an ob-
servations process Y . Classical results from filtering lead to a reduced, complete
information market model with the stock and the observations process solving

{
dSs = b (Ys, s)Ssds+ SsdWs in (0, T ] and S0 = S > 0,

dYs = b (Ys, s) ds+ dWs in (0, T ] and Y0 = y ↑ R.
(1)

The drift process
b (Ys, s) = E

[
”| FY

s

]
,

is known as the best estimator ”̂ given the observations from Y, and the inno-
vation process W is a Brownian motion defined on [0, T ] as

Ws = Ys →
∫

s

0
”̂udu.

In this market, we first consider the maximal expected utility problem of a single
agent in the absence of competition. The state controlled process X models her
wealth of the (single) agent and satisfies

dXs = b (Ys, s)ωsds+ ωsdWs in (t, T ] and Xt = x ↑ R, (2)
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with ω being the control policy, representing the amount invested in stock, which
is assumed to be measurable only with respect to Y ; we denote the set of such
controls as A.

The value function is defined as

u (x, y, t) = sup
ω→A

E [J(XT )| Xt = x, Yt = y] in R↓ R↓ [0, T ] , (3)

with J being the agent’s utility at horizon T .

We establish that u is the unique smooth solution of the associated HJB equa-
tion,

ut →
(bux + uxy)

2

2uxx

+
1

2
uyy + buy = 0 in R↓ R↓ [0, T ) , (4)

with terminal condition
u(x, y, T ) = J(x). (5)

The optimal feedback control a↑ : R↓ R↓ [0, T ] ↔ R is given by

a
↑ = →bux + uxy

uxx

, (6)

and satisfies an autonomous equation (see (96)).

We show that the optimal wealth and portfolio processes X ↑ and ω
↑ are repre-

sented in the closed-form,

X ↑
s

= H(H(↓1)(x, y, t) + Lt,s, Ys, s) in (t, T ] and X ↑
t

= x, (7)

and

ω
↑
s

= c(Ys, s)Hz(H
(↓1)(x, y, t) + Lt,s, Ys, s)

+Hy(H
(↓1)(x, y, t) + Lt,s, Ys, s) in (t, T ],

(8)

where the inverse functions are with respect to the x→argument.

The process L is defined as

Lt,s =

∫
s

t

b(Yε, ε)c(Yε, ε)dε+

∫
s

t

c(Yε, ε)dWε in (t, T ] and Lt,t = 0, (9)

and the auxiliary function H solves the linear pde

Ht +
1

2
c
2
Hzz + cHzy +

1

2
Hyy = 0 in R↓ R↓ [0, T ) , (10)

with terminal condition

H(z, y, T ) = (J ↔)
(↓1)

(e↓z), (11)
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where c : R↓ [0, T ] ↔ R is given by

c = b+ ky, (12)

and k solves

kt +
1

2
kyy =

1

2
b
2 in R↓ [0, T ] and k(y, T ) = 0. (13)

It follows that (7) yields a closed-form expression for the value function, that is,

u(x, y, t) = E
[
J

(
H(H(↓1)(x, y, t) + Lt,T , YT , T )

)∣∣∣Xt = x, Yt = y

]
. (14)

To the best of our knowledge, formulae (7), (8) and (14), and the regularity
results we produce herein are entirely new when the utility is arbitrary.

Optimal portfolio problems in high-dimensional complete markets, as the mar-
ket model (1), have been extensively studied using duality techniques. While
duality is applicable in general semimartingale models, it is usually di#cult, if
possible at all, to obtain regularity and closed-form solutions unless one works
with homothetic utilities. In Markovian models, duality arguments show that
the inverse marginal value function satisfies a linear pde, which follows directly
from the HJB equation and Fenchel transform. On the other hand, as we com-
ment further in Section 2, the emerging linear pde is not uniformly elliptic, and
thus it is not a priori known if smooth solutions exist. To our knowledge, several
questions in this direction remain open.

Herein, we develop an alternative approach that addresses these issues and, fur-
thermore, produces tractable, closed-form solutions for general utilities beyond
the homothetic ones. Our method is based on a di!erent linearization which
involves a pair of candidate solutions, and not just a single equation as in the
classical duality theory. Still, one of the emerging equations is not uniformly el-
liptic, which we study by first looking at the driftless case (b ↗ 0) and a modified
utility. Structurally, the linearization resembles the one introduced in Musiela
and Zariphopoulou [51] for an one-dimensional ill-posed HJB equation arising in
time-monotone forward utilities. However, here we deal with a two-dimensional
well-posed linear pde which requires entirely di!erent arguments.

The second part of the paper considers a N→player game with relative perfor-
mance criteria in the common market (see (1)). This is an important area of
research in financial economics and applied finance on optimal allocation/fund
management problems with relative performance concerns, since fund manage-
ment is always performed and evaluated in relation to a benchmark (index,
returns of competitors, clustered financial targets, etc.). The prevailing way
to classify these models is based on whether agents compete while investing in
a same, common market (asset diversification) or, more generally, also include
individual assets which are inaccessible to their competitors (asset specializa-
tion). For both categories, the existing applied papers primarily consider only
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two player games, single period models, and linear or quadratic criteria (see,
among others, [1], [6], [7], [13], [14], [23], [24], [36], [37], [46], [53] and [56]).

The literature in continuous time is relatively recent. Espinoza and Touzi in-
troduced in [25] a N→player asset diversification game for players with common
exponential utility and linear competition functions. The work was extended
in a two-player game by Anthropelos, Geng and Zariphopoulou [2] under for-
ward criteria. Lacker and the second author [41] provided the first mean field
game formulation under asset specialization but, still, under linear competition
and exponential utilities. They, also, studied the special case of power utili-
ties and geometric competition function, and non-negative wealth constraints.
The MFG in [41] was defined probabilistically and, for both cases, static (ran-
dom) equilibria were constructed when both common noise (common assets)
and individual noise (specialized assets) were included. Stemming from [41], a
substantial literature in MFG has been produced allowing, among others, for
intermediate consumption, external habit formation, Ito-di!usion dynamics, re-
laxed controls, and mean-variance criteria (see, for example, [8], [12], [27], [28],
[39], [40], [59] and others).

Despite the generality of the market models, all existing works considered only
two pairs of utilities and couplings, specifically, either exponential utilities and
linear couplings (in an infinite wealth domain) or power utilities and multiplica-
tive couplings (in semi-finite wealth domain). The only work that incorporated
both general utilities and general couplings on the mean of the peer aggregate
wealth is by the authors in [55]. Subsequently, in the context of forward criteria,
[59] allowed for general time-monotone forward processes and linear couplings.

Another modeling framework that has not been adequately studied, if at all, in
MFG with relative performance is partial information. Frequently, the drift of
the traded asset is not fully known in contrast to the volatility that is easier
to estimate. Portfolio models under partial information (and in the absence of
competition) have been well studied; see, among others, [11], [15], [21], [34] and
[42]. Providing complete bibliography is beyond the scope herein). However, to
our knowledge, with the exception of Deng, Su and Zhou [22] and Zhang and
Huang [61] for rather special cases, and Huang and Sun [31] for a mean-variance
game with finite players, the work in partial information in MFG with relative
performance is rather limited. MFG with partial information have been con-
sidered by various authors; see, for example, Benoussan and Yam [9], Sen and
Caines [52] and Shmaya and Zilotto [54]. In all these works, controls were al-
lowed only in the drift and, furthermore, assumed to be in a compact admissible
set. However, optimal portfolio models have, inherently, controls appearing in
both the drift and the volatility, and, in addition, these controls are in general
unbounded. Finally, all works on MFG with relative performance assume cou-
plings that depend only on the mean of peer’s aggregate wealth (or its geometric
analogue when the utility is power/logarithmic). Herein, we depart from this
assumption and allow for general dependence on the law of peers’ wealth. We
make all the above precise next.
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We build on the N→player game and its MFG analogue developed in [55] and
introduce their extensions within market models as in (1).

The value function of the ith→player is defined as the terminal expected reward,

u
N,i (x1, ..., xN , y, t) =

sup
ϑi→A

E
[
J

(
X

N,i

T
,

1

N → 1

N∑

j=1,j ↗=i

ϑ
X

N,j
T

)
|Xt = (x1, ..., xN ), Yt = y

]
,

(15)

where (x1, ..., xN ) ↑ RN
, y ↑ R and the payo! function J is assumed to be the

common utility of all players. The controlled state processes X
N,i follow (2)

and the observations process Y is as in (1).

The above value functions are expected to satisfy their related Hamilton Jacobi
Bellman (HJB) equations (see (108)), which in turn lead to a linear system
for the candidate optimal feedback policies (see (109)). This system, however,
is non-tractable due to the interlinked dependence of controls and value func-
tions and their derivatives, for which even regularity results are lacking. This
motivates us to consider the limiting case, as the number of players goes to
infinity.

Passing formally to the limit, we derive a system of two equations satisfied
by the value function U : R ↓ R ↓ P2 ↓ [0, T ] ↔ R and the optimal strategy
ϖ
↑ : R↓R↓ P2 ↓ [0, T ] ↔ R, where P2 is the space of probability measures on

R with finite second moment.

The first equation is the master equation

Ut +
1

2
ϖ
↑2
Uxx + ϖ

↑(bUx + Uxy) + ϖ
↑L1U + L2U + bL3U + L4U

+
1

2
Uyy + bUy = 0 in R↓ R↓P2 ↓ [0, T ) ,

(16)

with terminal condition

U(x, y,m, T ) = J(x,m), (17)

where, for v : R↓ R↓ P2 ↓ [0, T ) ↔ R, we write

L1v(x, y,m.t) =

∫
ϖ
↑ (z, y,m, t) vxm (x, y,m, z, t) dm (z) , (18)

L2v(x, y,m, t) =

1

2

∫ ∫
ϖ
↑ (z1, y,m, t)ϖ↑(z2, y,m, t)vmm (x, y,m, z1, z2, t) dm (z1) dm (z2)

+
1

2

∫
(ϖ↑(z, y,m, t))2 vmz (x, y,m, z, t) dm (z) ,

(19)
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L3v(x, y,m.t) =

∫
ϖ
↑(z, y,m, t)vm (x, y,m, z, t) dm(z), (20)

and

L4v(x, y,m.t) =

∫
ϖ
↑(z, y,m, t)vym (x, y,m, z, t) dm(z). (21)

The second equation of the master system is the optimality/compatibility con-
dition

ϖ
↑
Uxx + L1U = →(bUx + Uxy) in R↓ R↓P2 ↓ [0, T ] . (22)

The master system is beyond the scope of the current MFG theory; see, Lasry
and Lions [43, 44], Lions [45], Huang, Malhame and Caines [30], Carmona and
Delarue [18] and Cardaliaguet, Delarue, Lasry and Lions [16]. Indeed, so far,
the existing theory deals with bounded controls, and, more importantly, homo-
geneous in space and “uncontrolled” coe#cients for the common noise. With
all these provisions, in the classical MFG theory the system consisting of (16),
(17) and (22) collapses to a single infinite dimensional pde.

We, in turn, focus on the popular case of separable payo!s, that is,

J(x,m) = J (x→ C (m)) , (23)

where C : P2 ↔ R is, in general, a function of the law of peers’ wealth.

We obtain the closed-form solution

U(x, y,m, t) = u(x→ f (y,m, t) , y, t), (24)

to the master equation (16) and (17), where u is as in (3), that is, the value
function of the single agent problem in the absence of competion.

Function f : R↓ P2 ↓ [0, T ] ↔ R solves the non-local terminal value problem

ft + L2f + L4f +
1

2
fyy = 0 in R↓P2↓ [0, T ) and f (y,m, T ) = C(m), (25)

and the optimality condition (22) becomes

ϖ
↑(x, y,m, t)→ L1f(x, y,m, t) = fy (y,m, t) + a

↑(x→ f (y,m, t) , y, t), (26)

where a
↑ is the optimal feedback control of the single player problem; see (6).

The intuition behind representation (24) comes from interpreting the represen-
tative agent as the writer of claim C(m↑

T
) (at the optimum).

We provide details about the connection of the mean field game and an indif-
ference valuation problem of the representative agent in subsection 5.4.

If the couplings depend only on the first moment m̄ =
∫
zdm(z) of peers’ wealth,

that is, for m ↑ P2,
C(m) = C(m̄),
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we analyze in detail the cases of exponential utility and arbitrary couplings, and
of general utilities and linear couplings.

For exponential utilities J : R ↔ R like J(x) = →e
↓x and general couplings, the

terminal value problem (25) becomes autonomous, that is,

ft +
1

2
ϖ
↑2

∫ ∫
fm̄m̄(y, m̄, z1, z2, t)dm(z1)dm(z2)

+ ϖ
↑
∫

fmy(y, m̄, z, t)dm(z) +
1

2
fyy (y, m̄, t) = 0 in R↓R↓ [0, T ) ,

f (y, m̄, T ) = C(m̄),

and (22) yields the wealth-independent mean field equilibrium control ϖ
↑ :

R↓P2↓ [0, T ] ↔ R, given by

ϖ
↑(y,m, t) =

fy (y, m̄, t) + c(y, t)

1→ fm̄(y, m̄, t)
.

The mean field value is given, for (x, y, m̄, t) ↑ R↓ R↓P2↓ [0, T ] and with k as
in (13), by

U(x, y, m̄, t) = →e
↓(x↓f(y,m̄,t))+k(y,t)

and the mean field equilibrium wealth process X↑ can be written as

X
↑
s
= X x↓f(y,m̄,t),↑

s
+ E

(∫
X x↓f(y,m̄,t),↑

s
dm (x) , Ys, s)

)
in (t, T ] and X

↑
t
= x,

where

E (y, z, t) = f (y,G(y, z, t), t) and G(y, z, t) = (·→ f (y, ·, t))(↓1) (y, z, t) .

For general utilities and linear couplings, that is, C(m̄) = ϱm̄ with ϱ ↑ (0, 1),
we obtain

f (y, m̄, t) = ϱm̄ and U(x, y, m̄, t) = u(x→ ϱm̄, y, t).

The mean field equilibrium wealth and portfolio processes X↑ and ϖ
↑ are given

by

X
↑
s
= X x↓ϖm̄,↑

s
+

ϱ

1→ ϱ

∫
X x↓ϖm̄,↑

s
dm(x) in (t, T ] and X

↑
t
= x,

and

ϖ
↑
s
= ω

x↓ϖm̄,↑
s

+
ϱ

1→ ϱ

∫
ω
x↓ϖm̄,↑
s

dm(x) in (t, T ],

where X x↓ϖm̄,↑ and ω
x↓ϖm̄,↑ are the corresponding optimal processes of the

single agent problem, given by (7) and (8) and starting at x→ ϱm̄.

The above decomposition interprets the mean field equilibrium process Xx,↑ as
the sum of the optimal wealth X x↓ϖm̄,↑ of the single agent starting at x → ϱm̄

plus its mean in terms of the initial distribution of x weighted by the factor ϖ

1↓ϖ
.
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The mean field equilibrium policy ϖ
x,↑
s

has an analogous decomposition.

Organization of the paper. The paper is organized as follows. In section 2,
we revisit the market model under partial information and provide the new,
alternative solution approach and the closed-form solutions for general utilities
for the single agent without competition problem. In section 3, we introduce
the N→player game and its continuum limit, and derive the master system for
general utilities and couplings. In section 4, we study the class of separable
payo!s and analyze representative cases in section 5. We conclude in section 6.

2 The portfolio choice problem under partial in-
formation for single agent without competi-
tion

We revisit the optimal portfolio choice problem for single agent without com-
petition in a finite horizon with general utilities, and with partial information
for the stock’s drift. We introduce an alternative solution approach, establish
regularity for the value function, and produce closed-form expressions for the
optimal wealth and portfolio processes. We also present representative exam-
ples which cover the so-called SAHARA utilities and utlities with completely
monotonic inverse marginals (CMIM).

2.1 The market model and background results on filtering

We consider a probability space ($,F ,P) which supports a Brownian motion B

with filtration FB =
{
FB

t
; 0 ↘ t ↘ T

}
and a random variable ” : $ ↔ [ϱ1, ϱ2],

with 0 < ϱ1 < ϱ2 < ≃, such that





” is independent of B under P and has prior probability

distribution ς(A) = P
[
” ↑ A

]
for A ↑ B (R+) ,

such that, for each y ↑ R,
∫

ϖ2

ϖ1

e
yϖdς(ϱ) < ≃.

(27)

We consiser the observations process

Yt = ”t+Bt in (0, T ] and Y0 = y ↑ R, (28)

and introduce the P-augmentation FY =
{
FY

t
; 0 ↘ t ↘ T

}
of

FY = {φ (Ys) ; 0 ↭ s ↭ t ↘ T} , and the P-augmentation G = {Gt; 0 ↘ t ↘ T} of
the enlarged filtration generated by both ” and B,

G!,B

t
= {φ (”, Bs) ; 0 ↭ s ↭ t ↘ T} = φ (”) ⇐ FB

t
.

We assume a financial market with two securities. The first is a riskless bond
taken to be the numeraire and o!ering zero interest rate. The second security
is a risky stock whose (discounted by the numeraire) price S satisfies

dSt = ”Stdt+ StdBt = StdYt in (0, T ] and S0 > 0. (29)
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The key ingredient is that one cannot observe directly either ” or the Brownian
motion B, but only the levels of process S. In other words, it is only the
information FY generated by the observations process Y that is accessible to
the agent.

In this market, the set of admissible strategies A consists of self-financing invest-
ment strategies ϖ representing the (discounted) amount allocated in the stock
and measurable with respect to the information generated by the observations
process, that is,

A :=
{
ϖ : ϖt ↑ FY

t
and E

∫
T

0
ϖ
2
t
dt < ≃

}
. (30)

Remark 1. Sde (29) may have the more general form

dSs = ”Ssdt+ φSsdBs in (0, T ] and S0 > 0,

where φ is a known (positive) coe!cient, representing the volatility of the stock.
To ease the presentation, we assume φ ↗ 1, as the general case can be directly
incorporated by a simple rescaling.

Next, we review some classical results from filtering which yield a reduced com-
plete information model; see, among others, [3], [11], [33] and [34].

Let F : R↓ [0, T ] ↔ R+ and b : R↓ [0, T ] ↔ R+ be defined as

F (y, t) =

∫
ϖ2

ϖ1

e
yϖ↓ 1

2 ϖ
2
tdς (ϱ) and b =

Fy

F
. (31)

It follows that F solves the (ill-posed) heat equation

Ft +
1

2
Fyy = 0 in R↓ (0, T ] and F (y, 0) =

∫
ϖ2

ϖ1

e
yϖ
dς (ϱ) , (32)

is strictly convex in y and strictly decreasing in t, and satisfies, for some con-
stants c1 = c1(ς(ϱ)), c2 = c2(ς(ϱ)) > 0 and all y ↑ R,

c1e
↓c1|y| ↘ F (y, T ) ↘ c2e

c2|y|. (33)

Finally, F is absolutely monotonic, which yields that

by =
FyyF → (Fy)

2

F 2
> 0 in R↓ [0, T ] . (34)

It follows that

0 < ϱ1 ↘ b ↘ ϱ2 and 0 < by ↘ ϱ
2
2 → ϱ

2
1 in R↓ [0, T ] . (35)

The best estimator of ” is given by

”̂t = E
[
”| FY

t

]
=






b(Yt, t) if t ↑ (0, T ] ,

∫
ϖ2

ϖ1
ϱς (dϱ) if t = 0,
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and the so-called innovations process W , defined for t ↑ [0, T ], by

Wt = Yt →
∫

t

0
”̂sds = Yt →

∫
t

0
b(Ys, s)ds, (36)

is a

FY

,P

standard Brownian motion.

In view of the above, the original sdes (29) and (28) can be now written as

dSt = b (Yt, t)Stdt+ StdWt in (0, T ] and S0 = S > 0, (37)

and
dYt = b (Yt, t) dt+ dWt in (0, T ] and Y0 = y ↑ R. (38)

The model consisting of (37) and (38) constitutes a complete information market
model with a single local factor Y .

For each ω ↑ A, the agent’s wealth, denoted by X , solves

dXs = b (Ys, s)ωsds+ ωsdWs in (t, T ] and Xt = x ↑ R. (39)

Both X and ω are expressed in discounted by the bond units and are, thus,
unitless quantities. This property is important for the proper definitions of the
payo!s in the upcoming MFG as they are, in general, allowed to depend on
wealths, their laws, means, quantiles and higher moments.

The value function u : R↓ R↓ [0, T ] ↔ R is defined as

u(x, y, t) = sup
ϑ→A

E [J(XT )| Xt = x, Yt = y] . (40)

We introduce next the main assumptions for the utility function J : R ↔ R, the
risk tolerance r : R ↔ R+ and the inverse marginal utility I : R+ ↔ R, defined
respectively by

r = → J
↔

J ↔↔ and I = (J ↔)
(↓1)

. (41)

We assume that

J is a strictly concave and strictly increasing map in C4 (R) , and

there exist A,B, c > 0 and ↼ > 1 such that, for all x ↑ R,

B ↘ r(x) ↘

Ax2 +B, |r↔| ↘ A and lim

z↘≃
z
ϱ
I(z) = c.

(42)

The assumptions above are mild and are satisfied by a large class of utility
functions like, for example, the exponential utility

J(x) = →C1e
↓Bx + C2 for some C1 > 0 and C2 ↑ R, (43)

for which the risk tolerance is constant r(x) = B, and by the so-called SAHARA
utilities, introduced in [51] (see, also, [19] and [60]), that are represented via their
risk tolerances in the parametric form

r(x) =


Ax2 +B for A,B > 0. (44)
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They, also, apply to the extended family of utilities with completely monotonic
inverse marginals (CMIM), introduced in [51] and further examined in [48]. We
further elaborate on these utilities in subsection 2.3.

We note that (41) implies that

→zI
↔(z) = r(I(z)) and zI

↔(z) + z
2
I
↔↔(z) = r(I(z))r↔(I(z)). (45)

It is not surprising that, since the market dynamics (37) and (38) compose a
complete market model, (40) can be linearized. Such linearization is inherent
in the duality approach and, in Markovian models, a linear pde can be easily
derived from the HJB equation and Fenchel transform. However, for general
utilities, this pde is two-dimensional and not uniformly elliptic and, thus, regu-
larity results are not a priori known. To the best of our knowledge, this issue has
not been addressed in the existing literature, except for the case of homothetic
utilities where the HJB equation reduces to a simple one-dimensional pde.

Here, we circumvent this issue by first looking at the auxiliary problem (47)
for which the related linear pde (48) is one-dimensional and, thus, regularity
results are easy to obtain. We stress that this dimensionality reduction works
not because of utility homotheticity. Rather it results from suitably modifying
the utility and, furthermore, removing the drift in the wealth dynamics, which
essentially results in the optimal wealth process being static in the x→argument,
as manifested in (62).

A similar optimization problem was considered in [34] but in a di!erent con-
text within the duality approach employed therein. Here, problem (47) plays a
di!erent role. Firstly, it helps us establish regularity for the original problem
under much milder and direct assumptions on the utility function. Secondly, the
expressions (see (62) below) for the optimal processes guide us how to construct
their general analogues, (86) and (92), whose form turns out to be quite useful
in the MFG we examine later on.

2.2 An auxiliary expected utility problem

We consider a fictitious portfolio choice problem with modified terminal utility
and dynamics. Specifically, let WQ be a Brownian motion on probability space
($,F ,Q) and, for t ↑ [0, T ], consider the processes X̃ and Y solving

dX̃s = ω̃sdW
Q in (t, T ] and X̃t = x ↑ R,

dYs = dW
Q in (t, T ] and Yt = y ↑ R.

(46)

The value function w : R↓ R↓ [0, T ] ↔ R is defined by

w(x, y, t) = sup
ω̃→Ã

EQ
[
J

(
X̃T

)
F (YT , T )

∣∣∣ X̃t = x, Yt = y

]
, (47)

with F as in (31) and Ã defined similarly to (30).

12



To find the value function w(x, y, t) and construct the optimal processes X̃ ↑ and
ω̃
↑, we first introduce a key auxiliary function and study its properties.

Proposition 2. (i) There exists a unique smooth solution h : R↓R↓[0, T ] ↔ R
to the terminal value problem

ht +
1

2
hyy = 0 in R↓ [0, T ] and h(z, y, T ) = I

(
e
↓z

F (y, T )

)
, (48)

with I and F as in (41) and (31) respectively, such that, for each
(y, t) ↑ R↓ [0, T ] ,

lim
z↘↓≃

h(z, y, t) = →≃ and lim
z↘≃

h(z, y, t) = ≃,

hy > 0 and hz > 0 in R↓ R↓ [0, T ] ,
(49)

and, for each (y, t) in R↓ [0, T ], the inverse in z function h
(↓1)(·, y, t) : R ↔ R

exists and is strictly increasing.

(ii) For all (x, y, t) ↑ R↓ R↓ [0, T ] and the constants A and B in (42),

hy(z, y, t) ↘ ϱ2


Ah2 (z, y, t) +BeA(T↓t), (50)

and
→Ahz (z, y, t) ↘ hyz(z, y, t) ↘ Ahz (z, y, t) . (51)

Proof. (i) The smoothness and uniqueness results follow from (31), (33) and
(42).

Since

hy(z, y, T ) = →Fy(y, T )

F (y, T )

e
↓z

F (y, T )
I
↔
(

e
↓z

F (y, T )

)
> 0, (52)

and

hz(z, y, T ) = → e
↓z

F (y, T )
I
↔
(

e
↓z

F (y, T )

)
> 0, (53)

the maximum principle yields (49).

(ii) At t = T, (52) combined with (35), (42) and (45), and the terminal condition
in (48) imply that

hy(z, y, T ) = b(y, T )r

(
I

(
e
↓z

F (y, T )

))
↘ ϱ2


Ah2 (z, y, T ) +B.

Let g : R↓ R↓ [0, T ] ↔ R+ and C : R↓ R↓ [0, T ] ↔ R be defined by

g(z, y, t) = ϱ2


Ah2 (z, y, t) +BeA(T↓t), (54)

and

C(z, y, t) =
ABe

A(T↓t)

2g3
(g + hy) ,

13



and note that
hy(·, ·, T ) ↘ g(·, ·, T ) in R↓ R, (55)

and, in view of (54) and the first inequality in (49), C > 0 in R↓ R↓ [0, T ] .

We claim that hy → g solves

(hy → g)
t
+

1

2
(hy → g)

yy
+ C (hy → g) = 0 in R↓ R↓ [0, T ) . (56)

To ease the notation, we assume that ϱ2 = 1. Then direct calculations yield
that

gt +
1

2
gyy =

ABe
A(T↓t)

2g3

(
g
2 → (hy)

2
)
.

Using (55) and (56) and applying the maximum principle we find that

hy ↘ g in R↓ R↓ [0, T ] ,

and, thus, (50) holds.

Finally, using again the maximum principle, we note that to show (51), it su#ces
to establish it for t = T.

To this end, note that (31) and (52) give

hyz(z, y, T ) = b(y, T )hzz(z, y, T ),

and, thus, after using (45) and (53),

hyz(z, y, T ) = b(y, T )hz (z, y, T ) r
↔
(
I

(
e
↓z

F (y, T )

))
.

The latter equality, (35) and the derivative estimate in (42) give

|hyz(z, y, T )| = b(y, T )hz (z, y, T )

∣∣∣∣r
↔
(
I

(
e
↓z

F (y, T )

))∣∣∣∣ ↘ Ahz (z, y, T ) ,

and we conclude.

Next, we construct the value function w and the optimal processes X̃ ↑ and ω̃
↑.

Proposition 3. Assume that Y solves (46). Then:

(i) The value function w defined in (47) is the unique in C2,2,1 (R↓ R↓ [0, T ])
solution to the terminal value HJB equation

wt +max
ω

(
1

2
ω
2
wxx + ωwxy

)
+

1

2
wyy

= wt →
(wxy)

2

2wxx

+
1

2
wyy = 0 in R↓ R↓ [0, T ) ,

w(x, y, T ) = J (x)F (y, T ),

(57)
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and is given, for h as in (48), by

w(x, y, t) = EQ
[
J(h

(
h
(↓1) (x, y, t) ,YT , T

)
F (YT , T )

∣∣∣Yt = y

]
. (58)

Furthermore, for each (z, y, t) ↑ R↓ R↓ [0, T ],

wx (h (z, y, t) , y, t) = e
↓z

. (59)

(ii) For each (x, y, t) ↑ R↓ R↓ [0, T ], the optimal feedback policy is given by

ω̃
↑(x, y, t) = →wxy (x, y, t)

wxx (x, y, t)
= hy

(
h
(↓1)(x, y, t), y, t

)
, (60)

and satisfies, for each (x, y, t) ↑ R↓ R↓ [0, T ], the inequalities

0 < ω̃
↑(x, y, t) ↘ ϱ2


Ax2 +BeA(T↓t) and ω̃

↑
x
(x, y, t) ↘ ϱ2A. (61)

(iii) The optimal processes X̃ ↑ and ω̃
↑ are given, respectively, for each (x, y) ↑

R↓ R and 0 ↘ t ↘ s ↘ T , by

X̃ ↑
s
= h

(
h
(↓1) (x, y, t) ,Ys, s

)
and ω̃

↑
s
= hy

(
h
(↓1) (x, y, t) ,Ys, s

)
. (62)

Proof. (i) A straightforward modification of the results in [58] shows that the
value function (47) is the unique viscosity solution of (57) in the class of functions
that are strictly concave and strictly increasing in x, for each (y, t) ↑ R↓ [0, T ].

We now construct a smooth solution ŵ of (57) in the same class of functions
which, by uniqueness, will coincide with w.

To this end, consider the terminal value problem

Kt +
1

2
Kyy = 0 in R↓ R↓ [0, T ) ,

K(z, y, T ) = J

(
I
 e

↓z

F (y, T )

 )
F (y, T ),

(63)

which, in view of (31), (33) and (42), is well-posed and has a unique smooth
solution.

Using the terminal condition in (48), we rewrite

K(z, y, T ) = J (h(z, y, T ))F (y, T ), (64)

and find

Kz(z, y, T ) = hz(z, y, T )J
↔
(
I

(
e
↓z

F (y, T )

))
F (y, T ) = e

↓z
hz(z, y, T ).
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In addition, for each fixed z ↑ R, functions Kz(z, y, t) and e
↓z

hz(z, y, t) solve in
R↓ [0, T ) the same heat equation (see (48) and (63)) and, thus, by uniqueness,
for each (x, y, t) ↑ R↓ R↓ [0, T ],

Kz(z, y, t) = e
↓z

hz(z, y, t). (65)

Next, we introduce the smooth function ŵ : R↓ R↓ [0, T ] ↔ R given by

ŵ(x, y, t) = K

(
h
(↓1)(x, y, t), y, t

)
, (66)

with h
(↓1) as in Proposition 2.

We show that, for each (y, t) ↑ R↓ [0, T ], ŵ is strictly increasing and strictly
concave in x, and, in addition, it satisfies (57).

To ease the notation, we write

p(x, y, t) = h
(↓1)(x, y, t). (67)

Then, for each (x, y, t) ↑ R↓ R↓ [0, T ],

pt = → ht(p, y, t)

hz(p, y, t)
, px =

1

hz(p, y, t)
(68)

pxx = → hzz(p, y, t)

(hz(p, y, t))
3 , py = →hy(p, y, t)

hz(p, y, t)
(69)

pyy = → 1

hz (p, y, t)

((
hy(p, y, t)

hz(p, y, t)

)2
hzz(p, y, t)

→2
hy(p, y, t)

hz(p, y, t)
hzy(p, y, t) + hyy(p, y, t)

) (70)

and

pxy = → 1

(hz (p, y, t))
2

(
→hy(p, y, t)

hz(p, y, t)
hzz(p, y, t) + hzy(p, y, t)

)
, (71)

It follows from (65) and (66) that

ŵt = ptKz(p, y, t) +Kt(p, y, t),

and

ŵx = pxKz(p, y, t) =
Kz(p, y, t)

hz(p, y, t)
= e

↓p
. (72)

Furthermore,

ŵxx = →pxŵx, w̃xy = →pyw̃x and w̃y = pyKz(p, y, t) +Ky(p, y, t), (73)

and

w̃yy = pyyKz(p, y, t) + (py)
2
Kzz(p, y, t) + 2pyKzy(p, y, t) +Kyy(p, y, t).
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Next, we use that K solves (63) and show that ŵ satisfies (57). Indeed,

ŵt →
1

2

(ŵxy)
2

ŵxx

+
1

2
ŵyy

=

(
pt +

1

2
pyy

)
Kz(p, y, t) +

1

2

(py)
2

px
ŵx +

1

2
(py)

2
Kzz(p, y, t) + pyKzy(p, y, t).

In addition, from (65) we deduce that

Kzz = →e
↓z

hz + e
↓z

hzz and Kzy = e
↓z

hzy.

Combining the above and using (72), we find, after using (48), that

ŵt →
1

2

(ŵxy)
2

ŵxx

+
1

2
ŵyy = →


ht +

1

2
hyy


hz = 0.

Finally, we deduce from (72) that ŵx(x, y, t) > 0. Then (73) together with the
monotonicity of h(↓1) yield ŵxx(x, y, t) < 0. We easily conclude that ŵ ↗ w in
R↓ R↓ [0, T ].

To show (58), we first observe that (63) yields a probabilistic representation for
K, that is,

K(z, y, t) = EQ


J

(
I

(
e
↓z

F (YT , T )

) )
F (YT , T )

∣∣∣∣Yt = y



= EQ [J (h (z,YT , T ))F (YT , T )| Yt = y] ,

where the last equality follows from the terminal condition in (48). Then, (58)
and (59) follow respectively from (66), using that ŵ ↗ w and (72).

(ii) The first order conditions in (57) imply the first equality in (60). For the
second equality, we use (67), (68), (69) and (72) to obtain

ω̃
↑(x, y, t) = →py(x, y, t)

px(x, y, t)
= hy(p, y, t) = hy(h

(↓1) (x, y, t) , y, t). (74)

The first inequality in (61) follows from (50). For the second, we observe that

ω̃
↑
x
(x, y, t) =

hyz(h(↓1) (x, y, t) , y, t)

hz(h(↓1) (x, y, t) , y, t)
,

and use (51).

(iii) Using the feedback policy (74), the state controlled sde in (46) becomes

dX̃ ↑
s
= ω̃

↑(X̃ ↑
s
,Ys, s)dW

Q
s

in (t, T ] and X̃ ↑
t
= x. (75)

We claim that, for each fixed (y, t) ↑ R↓[0, T ], (75) has a unique strong solution
given by

X̃ ↑
s
= h

(
h
(↓1) (x, y, t) ,Ys, s

)
in (t, T ] and X̃ ↑

t
= x. (76)
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We begin by verifying that X̃ ↑ satisfies (75). Indeed, applying Ito’s rule to (76)
and using (48) gives

dh

(
h
(↓1) (x, y, t) ,Ys, s

)
= hy

(
h
(↓1) (x, y, t) ,Ys, s

)
dW

Q
s
.

From (61), we have that, for s ↑ [t, T ],

(
hy

(
h
(↓1) (x, y, t) ,Ys, s

))2
↘ Ax

2 +Be
A(T↓t)

,

and, thus,

EQ

∫
T

t

(
hy

(
h
(↓1) (x, y, t) ,Ys, s

))2
ds

↘ A

h
(↓1) (x, y, t)

2
(T → t) +

∫
T

t

Be
A(T↓s))ds.

Moreover, (74) evaluated at (76) yields

ω̃
↑(X̃ ↑

s
,Ys, s) = ω̃

↑(h
(
h
(↓1) (x, y, t) ,Ys, s

)
,Ys, s) = hy

(
h
(↓1) (x, y, t) ,Ys, s

)
,

and both equalities in (62) follow.

Lastly, we show that for each fixed (y, t) ↑ R↓ [0, T ], (75) has a unique solution.
Arguing by contradiction, we assume that there exist two solutions, say X̃1 and
X̃2, with X̃1,t = X̃2,t = x. Then, (75) and (61) yield, for s ↑ [t, T ], that

EQ
(
X̃1,s → X̃2,s

)2
= EQ

∫
s

t

(
ω̃
↑(X̃1,ε,Yε, ε)→ ω̃

↑(X̃2,ε,Yε, ε)
)2

dε

↘ ϱ2AEQ

∫
s

t

(
X̃1,ε → X̃2,ε

)2
dε,

(77)

and uniqueness follows from Grönwall’s inequality.

Remark 4. Alternatively (58) may be derived from (47) and (62), using that
at t = T, we have that X̃ ↑

T
= h


h
(↓1) (x, y, t) ,YT , T


.

We now revert the analysis to the original problem (40), starting with the spec-
ification and regularity of its solution.

Proposition 5. The value function u defined in (40) is the unique in
C2,2,1 (R↓ R↓ [0, T ]), strictly concave and strictly increasing in x, solution to
the terminal value HJB equation






ut +maxω

1
2ω

2
uxx + ω (bux + uxy)


+ 1

2uyy + buy =

ut →
(bux + uxy)

2

2uxx

+ 1
2uyy + buy = 0 in R↓ R↓ [0, T ) ,

u(x, y, T ) = J(x),

(78)
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and is given by

u(x, y, t) =
w(x, y, t)

F (y, t)
, (79)

with w as in Proposition 3 and F as in (31).

Proof. A straightforward adaptation of the results in [58] yield that the value
function (40) is the unique viscosity solution in the class of strictly increasing
and strictly concave in x solutions, for each (y, t) ↑ R↓ [0, T ], solutions.

Let û =
w

F
. We show that û ↗ u on R↓ R↓ [0, T ] .

For this, it su#ces to establish that û ↑ C2,2,1 (R↓ R↓ [0, T ]) is strictly concave
and strictly increasing in x for each (y, t) ↑ R↓ [0, T ] , and that it satisfies (78).
The first three properties follow easily from the analogous properties of w, so
we only show that û solves (78).

Direct calculations yield, after substituting the above in (57) and using that w
solves (57) and (31), that

wt →
1

2

(wxy)
2

wxx

+
1

2
wyy =


ût →

1

2

(bûxy + ûx)2

ûxx

+
1

2
ûyy + b(y, t)ûy


F = 0,

Since F > 0 in R↓ [0, T ], we easily conclude.

Next, we introduce two auxiliary functions, H and k, that will be used in the
construction of the optimal processes X↑ and ω

↑.

Proposition 6. Let k solve the terminal value problem (13). Then H : R ↓
R↓ [0, T ] ↔ R given by

H(z, y, t) = (ux)
(↓1)

(
e
↓z+k(y,t)

, y, t

)
, (80)

where (→1) denotes the inverse in the x→argument, is a C2,2,1 (R↓ R↓ [0, T ])
solution to the terminal value problem (10) and (11) where c : R ↓ [0, T ] ↔ R
given by (12) solves the terminal value problem

ct +
1

2
cyy = 0 in R↓ [0, T ) and c(y, T ) = b(y, T ). (81)

Looking at (59) and (80), it is clear that H resembles the auxiliary function h.
We stress, however, that contrary to (59), the equation satisfied by H is not
uniformly elliptic, and, therefore, it is not a priori known whether a smooth
solution exists.

Proof. It follows easily from the assumptions that k is well defined, since for all
(y, t) ↑ R↓ [0, T ],

→ϱ2(T → t) < k(y, t) < →ϱ1(T → t).
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Furthermore, (79) yields that ux > 0 in R↓ R↓ [0, T ] and, therefore, for each
(y, t) ↑ R↓ [0, T ] , the map x ↔ ux(x, y, t) is invertible, and, thus, H is well
defined.

Rewriting (80) as
ux(H(z, y, t)y, t) = e

↓z+k(y,t)
, (82)

and using (59) and (79), we obtain that, for each (z, y, t) ↑ R↓R↓ [0, T ],

H(z, y, t) = h(z → n(y, t), y, t), (83)

with
n = k + lnF. (84)

Then, (83) yields

Ht = →nthz+ht, Hz = hz, Hzz = hz, Hxy = →nyhzz+hzy, Hy = →nyhz+hy,

and
Hyy = →nyyhz + n

2
y
hzz → 2nyhzy + hyy,

where h and its derivatives are evaluated at (z → n(y, t), y, t) .

Moreover, (84) gives

Fy

F
+ ky → ny = 0 in R↓ [0, T ] .

Using (31), (32) and (80), we deduce that

nt +
1

2
nyy =

1

F


Ft +

1

2
Fyy


+

kt +

1

2
kyy →

(
Fy

F

)2 
= kt +

1

2
kyy →

1

2
b
2 = 0.

Recalling (12) we obtain, after some routine calculations, that

Ht +
1

2
c
2
Hzz + cHzy +

1

2
Hyy

=

ht +

1

2
hyy


→


nt +

1

2
nyy


hz

+
1

2

Fy

F
+ ky → ny

2
hzz +

Fy

F
+ ky → ny


hzy = 0.

Finally, to show (81) we use (12) and (13) to obtain

ct +
1

2
cyy = bt +

1

2
byy + bby.

On the other hand, (31) yields

Fyt = btF + bFt and Fyyy = byyF + 2byFy + bFyy,

which together with (32) imply

btF + bFt +
1

2
(byyF + 2byFy + bFyy) =


bt +

1

2
byy + by

Fy

F


F = 0.

The claim follows since F > 0 in R↓ [0, T ] .
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We are now ready to state the main results which provide closed-form expres-
sions for the value function u, the optimal wealth process X ς and the associated
optimal control process ως. As mentioned earlier, these results are, to the best
of our knowledge, new and of independent interest.

Theorem 7. The value function u in (40) is represented, for (x, y, t) ↑ R ↓
R↓ [0, T ], as

u(x, y, t) = E
[
J

(
H(H(↓1)(x, y, t) + Lt,T , YT , T )

)∣∣∣Xt = x, Yt = y

]
, (85)

with the process L defined by (9) with H and c solving respectively (10), (11)
and (81).

The optimal wealth process X ↑ is as

X ↑
s
= H(H(↓1)(x, y, t) + Lt,s, Ys, s) in (t, T ] and X ↑

t
= x, (86)

and the optimal feedback control ω↑ is given by

ω
↑ = →bux + uxy

uxx

in R↓ R↓ [0, T ] , (87)

and satisfies, with ω̃
↑ as in (60),

ω
↑ = ω̃

↑ in R↓ R↓ [0, T ] . (88)

Moreover, if A and B are as in (42), then, for each (x, y, t) ↑ R↓ R↓ [0, T ],

0 < ω
↑(x, y, t) ↘ ϱ2


Ax2 +BeA(T↓t) and ω

↑
x
(x, y, t) ↘ ϱ2A. (89)

The optimal control process ω
↑ is given by

ω
↑
s
= ω

↑(X ↑
s
, Ys, s), (90)

with X ↑ solving the sde

dX ↑
s
= b(Ys, s)ω

↑(X ↑
s
, Ys, s)ds+ ω

↑(X ↑
s
, Ys, s)dWs in (t, T ] and X ↑

t
= x,

(91)
and is represented, for s ↑ [t, T ], as

ω
↑
s
= c(Ys, s)Hz(H

(↓1)(x, y, t) + Lt,s, Ys, s)

+Hy(H
(↓1)(x, y, t) + Lt,s, Ys, s)

= ω
↑
(
H

(
H

(↓1) (x, y, t) + Lt,s, Ys, s

)
, Ys, s

)
.

(92)

Proof. We only establish the claims for X ↑ and ω
↑, since (85) follows easily.

The first order conditions in (78) yield (87), while (79) gives

→bux + uxy

uxx

= →wxy

wxx

,
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and (88) follows, while (89) comes directly from (61).

Next, we note that (90) and (91) will follow once we show that the candidate
control process is admissible and that (91) has a unique strong solution.

To this end, observe that (82) gives

Hzuxx(H, y, t) = →ux(H, y, t),

and
Hyuxx(H, y, t) + uxy(H, y, t) = ky (y, t)ux(H, y, t),

and, in turn, (12) and (87) imply

ω
↑(H, y, t) = c(y, t)Hz(z, y, t) +Hy(z, y, t). (93)

Using (93), (9) and (38), we write (91) as

dX ↑
s
= Hz

(
H

(↓1)(X ↑
s
, Ys, s), Ys, s

)
(b(Ys, s)c(Ys, s)ds+ c(Ys, s)dWs)

+Hy

(
H

(↓1)(X ↑
s
, Ys, s), Ys, s

)
(b(Ys, s)ds+ dWs)

= Hz(H
(↓1)(X ↑

s
,Ys, s),Ys, s)dLt,s +Hy(H

(↓1)(X ↑
s
,Ys, s),Ys, s)dYs.

(94)

To identify the unique, for each fixed (y, t) in R↓ [0, T ] , solution to (94), we
introduce the process X̂ given by

X̂s = H(H(↓1)(x, y, t) + Lt,s, Ys, s) for s ↑ [t, T ].

Using (10) we find

dX̂s = d

(
H(H(↓1)(x, y, t) + Lt,s, Ys, s)

)

=
(
Hz

(
H

(↓1)(X̂s, Ys, s), Ys, s

))
dLt,s +Hy

(
H

(↓1)(X̂s, Ys, s), Ys, s

)
dYs

+

(
Ht(H

(↓1)(x, y, t) + Lt,s, Ys, s) +
1

2
c
2(Ys, s)Hzz(H

(↓1)(x, y, t) + Lt,s, Ys, s)

)
ds

+

(
c(Ys, s)Hzy(H

(↓1)(x, y, t) + Lt,s, Ys, s) +
1

2
Hyy(H

(↓1)(x, y, t) + Lt,s, Ys, s)

)
ds

= Hz

(
H

(↓1)(X̂s, Ys, s), Ys, s

)
dLt,s +Hy

(
H

(↓1)(X̂s, Ys, s), Ys, s

)
dYs,

and, thus,
dX̃ ↑

s
= dX̂ ↑

s
in (t, T ] and X̃ ↑

t
= X̂ ↑

t
= x.

The first claim of the theorem is a direct consequence of (86) evaluated at T

and (40), while the last claim follows from (86), (90) and (93).

It remains to show that the Itô’s integrals appearing in the expansions above
are well defined, and that (94) has a unique solution for each (y, t) ↑ R↓ [0, T ].

These follow from (88) and arguments similar, albeit more tedious, to the ones
used in the proof of Proposition 2.
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Remark 8. We note that (59) and (80), rewritten below as

wx(h(z, y, t), y, t) = e
↓z and ux(H(z, y, t)y, t) = e

↓z+k(y,t) (95)

for problems (47) and (40), relate the marginals wx and ux to their correspond-
ing linear equations (48) and (10). In the existing literature of portfolio choice
in complete markets, linearization has been carried out directly for the inverse
marginal (ux)

(↓1) leading to a single linear pde. Herein, however, we use a
di”erent linearization approach, by seeking a pair of auxiliary functions (H, k)
solving respective linear equations. The pair (h, 0) is easily identified as the ana-
logue of (H, k) when b(y, t) ↗ 0 and the modified utility J(x)F (y, T ). Of course,
the two approaches are equivalent but working with transformations (95) allow
us to produce regularity results and produce closed-form solutions for general
utilities.

We conclude with the derivation of an autonomous equation satisfied by the
optimal feedback controls for problems (47) and (40). The equation generalizes
the fast-di!usion equation that the risk tolerance function in the log-normal
case satisfies; see, among others, [10], [32], [35] and [47].

Proposition 9. Let r be the risk tolerance (41). The optimal feedback con-
trol functions ã

↑ and ω
↑ for problems (47) and (40) satisfy the terminal value

problem

{
Rt +

1
2R

2
Rxx +RRxy +

1
2Ryy = 0 in R↓ R↓ [0, T ) ,

R(x, y, T ) = b(y, T )r(x).
(96)

Proof. Given (88), it su#ces to establish (96) for ã↑.

Using (60) and di!erentiating p = h
(↓1) we find

ω̃
↑
t
= pthzy + hyt, ω̃

↑
x
= pxhzy,

ω̃
↑
xx

= pxxhzy + (px)
2
hyzz, ω̃

↑
y
= pyhzy + hyy,

ω̃
↑
xy

= pxyhzy + pxpyhzzy + pxhzyy,

and
ω̃
↑
yy

= pyyhzy + (py)
2
hzzy + 2pyhzyy + hyyy,

where functions ω̃↑
x
, p and their derivatives are evaluated at (x, y, t) , and hy and

its derivatives at (p(x, y, t) , y, t).

Grouping terms yields

ω̃
↑
t
+

1

2
(ω̃↑)2 ω̃↑

xx
+ ω̃

↑
ω̃
↑
xy

+
1

2
ω̃
↑
yy

=

pt +

1

2
(hy)

2
pxx + hypxy +

1

2
pyy


hzy +

1

2
(hypx + py)

2
hzzy

=

pt +

1

2
(hy)

2
pxx + hypxy +

1

2
pyy


hzy,
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where we used that hy satisfies (48) and that hypx + py = 0 (cf. (68) and (69)).

Using (69), (70) and (71), we obtain

pt +
1

2
(hy)

2
pxx + hypxy +

1

2
pyy = 0,

and we conclude.

2.3 Examples

We discuss three representative examples of utilities. We start with the well
studied exponential one, which we review for completeness and also to provide
the formulae to be used in the upcoming MFG examples. Then, we turn to
SAHARA utilities and, finally, to their CMIM extension.

2.4 Exponential utility

To ease the presentation, since the arguments are similar, we only consider the
utiity J : R ↔ R given by

J(x) = →e
↓x

. (97)

Since, for z > 0, I(z) = → ln z, (11) yields H(z, y, T ) = z. Then, (10) implies
that H(z, y, t) = z for each (z, y, t) ↑ R↓ R↓ [0, T ], and, in turn, (86) and (92)
give

X ↑
s
= x+ Lt,s and ω

↑
s
= c(Ys, s), (98)

with L as in (9) and c solving (81).

Furthermore, for (x, y, t) ↑ R↓ R↓ [0, T ] and k as in (13),

u(x, y, t) = E [→ exp (→ (x+ Lt,T ))] = →e
↓x+k(y,t)

.

2.5 Utilities with asymptotically linear risk tolerance

We consider utility functions J characterized by their risk tolerance function
of the parametric form (44). Such functions were introduced in [51] and the
case of known drift, b(y, t) ↗ b, was studied in [60] and [19], where the acronym
SAHARA (symmetric asymptotic hyperbolic risk aversion) utilities was intro-
duced.

To ease the presentation, we work only with the special case that the risk tol-
erance is

r(x) =


x2 + 1,

which, from (11) and (41), corresponds, for (z, y) ↑ R↓ R, to

H(z, y, T ) = sinh z. (99)
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It follows from (10)that, for (z, y, t) ↑ R↓ R↓ [0, T ],

H(y, t) =
1

2
e
z
l1(y, t)→

1

2
e
↓z

l2(y, t), (100)

where l1, l2 : R↓ [0, T ] ↔ R are smooth solutions to

l1,t +
1

2
l1,yy + cl1,y +

1

2
c
2
l1 = 0 in R↓ [0, T ) and l1(y, T ) = 1,

and

l2,t +
1

2
l2,yy → cl2,y +

1

2
c
2
l2 = 0 in R↓ [0, T ) and l2(y, T ) = 1.

Since, for i = 1, 2, li > 0 in R↓ [0, T ], for (z, y, t) ↑ R↓ R↓ [0, T ], we have

Hz(z, y, t) =
1

2
e
z
l1(y, t) +

1

2
e
↓z

l2(y, t) > 0, (101)

and, thus, H(↓1), which is inverse in the z→argument, exists and is given, for
(x, y, t) ↑ R↓ R↓ [0, T ], by

H
(↓1)(x, y, t) = ln

2x+


4x2 + 2l2(y, t)

2l1(y, t)
. (102)

Following (86), (92), (100), (101) and (102), the optimal processes X ↑ and ω
↑

are given by

X ↑
s
=

1

2
e
H

(→1)(x,y,t)+Lt,s l1(Ys, s)→
1

2
e
↓(H(→1)(x,y,t)+Lt,s)l2(Ys, s),

and

ω
↑
s
=

1

2
e
H

(→1)(x,y,t)+Lt,s l1(Ys, s) +
1

2
e
↓(H(→1)(x,y,t)+Lt,s)l2(Ys, s).

2.6 Utilities with completely monotonic inverse marginals

A large class of utilities, which substantially extend the SAHARA ones, are
utilities with completely monotonic (CM) inverse marginals (CMIM).

Classical results for the representation of CM functions yield that the inverse
marginals of CMIM utilities are of the form

I(x) =

∫
x
↓ε

dµ (ε) , (103)

for a suitable measure so that I ↔(x) < 0, limx↘0 I(x) = ≃ and limx↘≃ I(x) = 0.

CMIM utilities were introduced in [51] in the context of time-monotone forward
utilities where a detailed study of the measure µ was carried out; see, also,
[26] for related turnpike-type problems and [48] for their role in abstract semi-
martingale market models.
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From (103) and (82), we deduce that CMIM utilities can be equivalently de-
scribed by the related function H(z, y, T ), which takes, for z ↑ R, the form

H(z, y, T ) =

∫
e
zεdµ (ε) . (104)

For example, (99) corresponds to measure µ (ε) = 1
2 (ϑ1 → ϑ↓1).

With terminal condition (104), the solution to (10) is represented as

H(z, y, t) =

∫
e
zε
mε(y, t)dµ (ε) , (105)

where for each ε ↑ supp (µ), lε : R ↓ [0, T ] ↔ R+ solves the terminal value
problem

lε,t +
1

2
lε,yy + (εc)lε,y +

1

2
(εc)2lε = 0 in R↓ [0, T ) and lε(y, T ) = 1.

The optimal processes X ↑ and ω
↑ are given, for 0 ↘ t ↘ s ↘ T , by

X ↑
s
=

∫
e
ε(H(→1)(x,y,t)+Ls,t)lε(Ys, s)dµ (ε) ,

and

ω
↑
s
=

∫
εe

ε(H(→1)(x,y,t)+Ls,t)lε(Ys, s)dµ (ε) .

Naturally, one needs to specify proper conditions on both the measure µ and
the market dynamics so that the above quantities are well-defined. We leave
these questions for future research.

Remark 10. The form of the auxiliary function H in (99) and (104) allows
us to guess solutions of the form (100) and (105), respectively. These candidate
solutions are smooth as they solve individual one-dimensional linear pdes. This
together with the uniqueness of viscosity solutions for equation (10) yield the
result. However, outside the class of CMIM utilities, smooth solutions are not a
priori guaranteed as the problem is two-dimensional and not uniformly elliptic.

3 The N-player and the mean field game in the
reduced complete information market

We consider a game of N→players in the market as in section 2, consisting of a
stock with price S solving (37) with the local factor process Y satisfying (38),
and a bond o!ering zero interest rate. The latter is taken to be the numeraire
and all state and controlled processes below are expressed in discounted by it
units.

The wealth process X
N,i of the i

th→player, for i = 1, ..., N, evolves according
to the sde

dX
N,i

s
= b(Ys, s)ϖ

N,i

s
ds+ ϖ

N,i

s
dWs in (t, T ] and X

N,i

t
= xi ↑ R, (106)
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with the drift coe#cient b as in (31) and the Brownian motion W as in (36).

The control policies ϖ
N,i, which are self-financing and satisfy ϖ

N,i ↑ A as in
(30), model the (discounted) amount invested in the stock.

To ease the presentation, in what follows we will be occasionally using the
abbreviated notation z

1:N = (z1, ..., zN ). Moreover, we will not be repeating,
unless important, the fact that i = 1, . . . , N .

The value function of the i
th→player, for (x1, ..., xN , y, t) ↑ RN ↓ R↓ [0, T ], is

u
i (x1, ..., xN , y, t)

= sup
ϑi→A

E
[
J

(
X

N,i

T
,

1

N → 1

N∑

j=1,j ↗=i

ϑ
X

N,j
T

)
|XN,1:N

t
= x1:N , Yt = y

]
.

(107)

The utility function denoted, by a slight abuse of notation, as J is common across
players and depends on both their individual terminal wealth X

N,i

T
and the law

of their peers’ wealth at T . As mentioned above, since all involved processes are
unitless, there is no issue with unit consistency in nonlinear payo!s as above,
thus allowing for couplings that depend on higher moments, quantiles, distances
among returns, and others; see [50] for the role of unit consistency,

We recall that a control process

ϖ
N,1,↑

, ...,ϖ
N,N,↑ is a Nash equilibrium of this

game, if, for each i = 1, ..., N, and all ϖN,i ↑ A,

E
[
J

(
X

N,i

T
,

1

N → 1

N∑

j=1,j ↗=i

ϑ
X

N,j,↑
T

)
|XN,1:j↓1,↑

t
= x1:i↓1, X

N,i

t
= xi,

X
N,j+1:N,↑
t

= xi+1:N , Yt = y
]

↘ E
[
J

(
X

N,i,↑
T

,
1

N → 1

N∑

j=1,j ↗=i

ϑ
X

N,j,↑
T

)
|XN,1:N,↑

t
= x1:N , Yt = y

]
,

where X
N,j,↑ denotes the solution to (106) with control process ϖN,j,↑.

Next, we (formally) assume that there exist Nash equilibrium control processes
ϖ
N,i,↑

, ...,ϖ
N,N,↑ in the feedback form

ϖ
N,i,↑
s

= ϖ
N,i,↑ 

X
N,1,↑
s

, ..., X
N,N,↑
s

, Ys, s

,

for some functions ϖ
N,i,↑ : RN↓R↓ [0, T ] ↔ R and processes X

N,i,↑ solving
(106) with controls ϖ

N,i,↑. Then, the value functions

u
N,1

, . . . , u
N,N


are ex-

pected to satisfy the fully coupled system of terminal value Hamilton-Jacobi-
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Bellman (HJB) equations

u
N,i

t
+max

ϑN,i

(1
2


ϖ
N,i

2
u
N,i

xixi

+ ϖ
N,i

(
bu

N,i

xi
+

N∑

j=1, j ↗=i

ϖ
N,j,↑

u
N,i

xixj


+ ϖ

N,i
u
N,i

xiy

)

+
1

2

N∑

j=1, j ↗=i

N∑

k=1,k ↗=i

ϖ
N,j,↑

ϖ
N,k,↑

u
N,i

xjxk
+

N∑

j=1, j ↗=i

ϖ
N,j,↑

u
N,i

xjy

+ b

N∑

j=1, j ↗=i

ϖ
N,j,↑

u
N,i

xj
+

1

2
u
N,i

yy
+ bu

N,i

y
= 0 in RN ↓ R↓ [0, T ] ,

u
N,i

(
x1, ..., xN , y, T

)
= J

(
xi,

1

N → 1

N∑

j=1,j ↗=i

ϑxj

)
.

(108)

If, in addition, the maximum in (108) is well-defined in each respective HJB
equation, we deduce - still formally - that the optimal feedback control functions
ϖ
N,1,↑

, ...,ϖ
N,N,↑ must satisfy the linear N ↓N system

ϖ
N,i,↑

u
N,i

xixi
+

N∑

j=1, j ↗=i

ϖ
N,j,↑

u
N,i

xixj
= →bu

N,i

xi
→ u

N,i

xiy
, i = 1, ..., N. (109)

This system, however, is not tractable due to the interlinked dependence of
the feedback controls ϖ

N,i,↑↔
s and the coe#cients u

N,i

xi
, u

N,i

xixi
, u

N,i

xixj
and u

N,i

xiy
,

i, j = 1, ..., N . We actually note that it is not even clear if the individual value
functions u

N,i↔
s are smooth enough for the latter derivatives to exist. Similar

di#culties were, also, encountered in the simpler system derived in the Black
and Scholes market model (b(y, t) ↗ b) in [55].

Motivated by the intractability of the finite player game, we consider next a
related mean field game.

3.1 The mean field game and its master system

The representative agent’s state X solves, for ϖ ↑ A, the continuum analogue
of sde (106), that is,

dXs = b(Ys, s)ϖsds+ ϖsdWs in (t, T ] and Xt = x, (110)

with b as in (31), and W and Y as in (36) and (38), respectively.

We emphasize that the derivation below is formal since we do not have estimates
that would allow us to give a rigorous proof. To this end, for large number of
players, we assume that the optimal feedback controls ϖN,i,↑ (x1, ..., xN , y, t) and
the value functions uN,i (x1, ..., xN , y, t) satisfy, for each i = 1, ..., N,

ϖ
N,i,↑ (x1, ..., xN , y, t) ⇒ ϖ

N,↑ 
xi, y,m

N,i
, t

, (111)
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and
u
N,i (x1, ..., xN , y, t) ⇒ u

N

xi, y,m

N,i
, t

, (112)

where m
N,i is the empirical measure of the rest of the players,

m
N,i =

1

N → 1

N∑

j=1,j ↗=i

ϑxj . (113)

We assume that, for each i, as N ↔ ≃, m
N,i converge weakly to a common mea-

sure m ↑ P2 and, furthermore, that there exist ϖ↑
, U : R↓ R↓ P2 ↓ [0, T ]↔ R

such that, as N ↔ ≃,

ϖ
N,i,↑ 

xi, y,m
N,i

, t

↔ ϖ

↑ (x, y,m, t) ,

u
N,i


xi, y,m

N,i
, t

↔ U (x, y,m, t) .

(114)

Then, following similar approximations for each term in (108), we find that the
formal limit, as N ↔ ≃, of (108) takes the form (16) and the candidate mean
field equilibrium optimal control ϖ↑ (x, y,m, t) is expected to satisfy (22).

In summary, we expect the pair (U (x, y,m, t) ,ϖ↑ (x, y,m, t)) to satisfy the sys-
tem of equations (16) and (22).

For the convenience of the reader we present a formal derivation of the optimality
condition (22). The master equation follows similarly.

It follows from (112) and (113) that, for i ↑ {1, . . . , N} and j ↑ {1, . . . , N}\{i},

u
N,i

xixj
⇒ 1

N → 1
u
N

xm
(xi, y,m

N,i
, xj , t).

Inserting the above in (109) and using (111) we find

ϖ
N,↑

u
N

xx
(xi, y,m

N,i
, t)

+
1

N → 1

N∑

j=1,j ↗=i

ϖ
N,↑(xj , y,m

N,i
, t)uN

xm
(xi, y,m

N,i
, xj , t)

= →bu
N

x
(xi, y,m

N,i
, t)→ u

N

xy
(xi, y,m

N,i
, t).

After sending N ↔ ≃, the above expression yields formally (22).

3.1.1 A simplified master equation

The master equation (16) can be simplified to a similar equation corresponding
to the case b(y, t) ↗ 0 and a modified terminal utility. Indeed, in analogy to
(79), we set

W (x, y,m, t) = U (x, y,m, t)F (y, t),
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with F solving (32). Then, direct calculations in (16) yield the master equation

Wt +
1

2
ϖ
↑2
Wxx + ϖ

↑
Wxy + ϖ

↑L1W + L2W ++L4W

+
1

2
Wyy = 0 in R↓ R↓ P2 ↓ [0, T ),

W (x, y,m, T ) = J(x,m)F (y, T ),

(115)

with L1, L2 and L4 defined in (18), (19) and (21) respectively.

Herein, we choose to work with the original version (16) for two reasons. Firstly,
(16) provides a natural object to use in order to recover its analogue when
b(y, t) ↗ b > 0, by sending ς in (27) to the Dirac function ϑb. Secondly, it is
expected that the results for non-zero drift can be used to study MFG in com-
plete markets with multi-dimensional local factors (local volatility, predictable
means, and others) and general utilities, which arise in many applications but
have not been studied so far.

4 A separable class of MFG with partial infor-
mation

We study the master system (16) and (22) for payo!s of the separable form,
that is,

J(x,m) = J (x→ C (m)) , (116)

with J being the utility of the representative agent and C > 0 the coupling
function on the law of peers’ wealth. We allow for general dependence of C onm,
thus extending all works so far which considered only couplings of form C (m) =
C(m̄). We examine the latter special case in subsection 5.2 and subsection 5.3.
We note that the minus sign above is immaterial and is only used to allow for
comparisons with existing works in portfolio choice with relative performance.
Indeed, one may allow for homophilous interactions, in which players benefit
from actions of their peers; see [29] for an example with exponential utilities.

4.1 Solution of the master system

We construct a solution pair U and ϖ
↑ to system (16) and (22).

Arguing formally, we show that the value of the game can be represented as
the value function u of the single agent problem (40) (no competition) with its
argument translated by a function f that solves a non-local quasilinear infinite-
dimensional pde whose coe#cients depend on the mean field equilibrium feed-
back controls. We provide rigorous arguments when additional, but still general
enough, modeling assumptions are introduced.

We recall that the value function u in (3) satisfies the terminal HJB equation
(4) and (5) and that the optimal feedback control ω↑ is given by (6).
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Assume next that there exists a smooth solution f ↑ R↓ P2 ↓ [0, T ] ↔ R to

ft + L2f + L4f +
1

2
fyy = 0 in R↓P2↓ [0, T ] ,

f(y,m, T ) = C(m),

(117)

with L2 and L4 as in (19) and (21) respectively, where ϖ↑ : R↓R↓P2↓[0, T ] ↔ R
satisfies, for each (x, y,m, t) ↑ R↓P2↓ [0, T ],

ϖ
↑(x, y,m, t)→

∫
ϖ
↑(z, y,m, t)fm(x, y, z, t)dm(z)

= fy(x, y,m, t) + a
↑(x→ (y,m, t) , y, t).

(118)

The regularity of f is important for what follows. We note, however, that it is
not known whether (117) has a smooth solution. Later we give an interpretation
to this equation and provide a formula for the possible solution.

Next, we provide the main result of this section, representing the value U of
the game in terms of the value function of the problem of no competition and
function f above. We defer the interpretation of the solution to subsection 5.1
where we connect U to the value of the writer of claim C(m↑

T
) (at the optimum,)

u being the value function of the “plain” investor and f being the dynamic price
of C(m↑

T
).

Proposition 11. Let u and a
↑ be as in (4), (5) and (6), and assume that (117)

admits a smooth solution with ϖ
↑ satisfying (118). Then, a solution to (16) is

given, for (x, y,m, t) ↑ R↓P2↓ [0, T ], by

U(x, y,m, t) = u(x→ f(y,m, t), y, t), (119)

with ϖ
↑ satisfying (118).

Proof. Assuming that U and F satisfy (119) and (117), we first show (118).

Di!erentiating (119), where for simplicity we omit the dependence of U,Ut, Ux,

Uy, Uxy, Uxx, Uyy on (x, y,m, t), of Um, Umx, Umy on (x, y,m, z, t), of Umm on
(x, y,m, z1, z2, t), of f, fy, fyy on (y,m, t), of fm on (y,m, z, t), of fmm on
(y,m, z1, z2, t) and of u and its derivatives on (x→ f(y,m, t), y, t), yields

Ut = →ftux + ut, Ux = ux, Uxx = uxx, Uy = →fyux + uy,

Uyy = →fyyux + (fy)
2
uxx → 2fyuxy + uyy, Uxy = →fyuxx + uxy,

Um = →fmux, Uxm = →fmuxx, Uym = →fymux + fmfyuxx → fmuxy,

Umm = fmfmuxx + fmmux,

Inserting the above in the optimality condition (22) we find (118).

Next we show that U defined in (119) indeed satisfies the master equation (16),
as long as (117) and (118) hold, and all involved partial derivatives exist.
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Inserting the above derivatives in (16) and grouping terms we find

→uxA+ ut +
1

2
uxxB + (bux + uxy)C +

1

2
uyy + buy = 0, (120)

where u is evaluated at (x→ f(y,m, t), y, t) and the auxiliary quantities A,B,C :
R↓ P2 ↓ [0, T ] ↔ R are given by

A(y,m, t) = ft (y,m, t)+

1

2

∫ ∫
ϖ
↑(z1, y,m, t)ϖ↑(z2, y,m, t)fmm(y,m, z1, z2, t)dm(z1)dm(z2)

+
1

2

∫
(ϖ↑(z, y,m, t))2 fmz(y,m, z, t)dm(z)

+

∫
ϖ
↑(z, y,m, t)fmy(y,m, z, t)dm(z) +

1

2
fyy (y,m, t) ,

B(x, y,m, t) = (ϖ↑(x, y,m, t))2

→ 2ϖ↑(x, y,m, t)

∫
ϖ
↑ (z, y,m, t) fm (x, y,m, z, t) dm (z)

→ 2ϖ↑(x, y,m, t)fy(y,m, t) +
(∫

ϖ
↑(z, y,m, t)fm(y,m, z, t)dm(z)

)2

+ 2fy (m, y, t)

∫
ϖ
↑(z, y,m, t)fm(y,m, z, t)dm(z) + (fy (y,m, t))2

and

C(x, y,m, t) = ϖ
↑(x, y,m, t)

→ ϖ
↑(x, y,m, t)

∫
ϖ
↑ (z, y,m, t) fm (x, y,m, z, t) dm (z)→ fy (y,m, t) .

It follows that B = C
2 which, together with (118), yields

1

2
uxxB + (bux + uxy)C = → (bux + uxy)

2

2uxx

. (121)

Combining the above and using the HJB equation (78) satisfied by u, we get
that

ut +
1

2
uxxB + bux + uxy +

1

2
uyy + buy = 0 in R↓ R↓ [0, T ] .

Thus, (120) reduces to

uxA = 0 in R↓ R↓ [0, T ] ,

and the claim follows, since ux > 0 in R↓ R↓ [0, T ].
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5 Representative examples

We analyze two examples. The first considers exponential utilities and general
couplings that are functions of the law of peers’ wealth. In such settings, the
mean field equilibrium control becomes independent of x and (117) reduces to
the autonomous (125). The value of the game is given by (126). If, in addition,
the coupling depends only on the mean of peers’ wealth, equation (125) reduces
further to (130), for which we provide a complete analysis, establishing existence,
uniqueness and regularity. We, also, produce in closed-form the mean field
equilibrium optimal processes in (141) and (144).

The second example considers general utilities and couplings that are linear
functions of peers’ wealth. In such settings, the value of the game is given by
(149) and the mean field equilibrium processes are represented as (153) and
(154). The optimal processes admit an intuitively pleasing decomposition in
terms of the corresponding optimal processes in the singe agent problem with
modified initial condition, and an additional component that involves averages
with regards to the initial distribution of peers’ wealth.

We recall (110), which at a mean field equilibrium control ϖ↑, becomes

dX
↑
s
= b(Ys, s)ϖ

↑
s
ds+ ϖ

↑
s
dWs and X

↑
t
= x, (122)

and we denote by X̄
↑ its conditional on the common noise average,

X̄
↑
s
=

∫
zdm

↑
s
(z) = E

[
X

↑
s
| FW

s

]
in [t, T ] and X

↑
t
= x, X̄

↑
t
= m̄, (123)

with x, m̄ ↑ R, and m ↑ P2 being the initial distribution of the players and m
↑

the conditional on FW law of X↑.

5.1 Exponential utility and general couplings on the law
of peers’ wealth

As in subsection 2.4, here we consider the utility function J(x) = →e
↓x and

recall that the value function and the optimal policy of the single player problem
are given, for each (x, y, t) ↑ R↓ R↓ [0, T ], by

u(x, y, t) = →e
↓x+k(y,t) and a

↑(x, y, t) = c(y, t),

with the functions k and c as in (13) and (12 ).

Then, from (118), we deduce that

ϖ
↑(x, y,m, t)→

∫
ϖ
↑(z, y,m, t)fm(y,m, z, t)dm(z) = fy (y,m, t) + c(y, t),

which yields that the candidate optimal feedback control is independent of x,
that is,

ϖ
↑(x, y,m, t) = ϖ

↑(y,m, t),
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and, thus,

ϖ
↑(y,m, t) =

fy (y,m, t) + c(y, t)

1→
∫
fm(y,m, z, t)dm(z)

. (124)

Then (117) simplifies to

ft + L2f + L4f +
1

2
fyy = 0 in R↓P2↓ [0, T ] .

Therefore, using (124), we obtain the autonomous terminal value problem

ft +
1

2
a
2L̂2(f) + aL̂4(f) +

1

2
fyy = 0 in R↓P2↓ [0, T ] ,

f(y,m, T ) = C(m),
(125)

where

a(y,m, t) =
fy(y,m, t) + c(y, t)

1→
∫
fm(y,m, z, t)dm(z)

,

L̂2(f)(y,m, t) =

∫ ∫
fmm(y,m, z1, z2, t)dm(z1)dm(z2)+

∫
fmz(y,m, z, t)dm(z),

and

L̂4(f)(y,m, t) =

∫
fym(y,m, z, t)dm(z).

The value of the game is given, for each (x, y, t) ↑ R↓ R↓ [0, T ], by

U(x, y,m, t) = →e
↓(x↓f(y,m,t))+k(y,t)

. (126)

5.2 Exponential utility and general couplings on the mean
of peer’s wealth

We consider coupling functions C : P2 ↔ R that depend only on the mean of
peers’ wealth, that is,

C(m) = C (m̄) . (127)

The special case C (m̄) = ϱm̄, m̄ ↑ R, with ϱ ↑ (0, 1), is the only one so far
analyzed in the literature under exponential utility. The general case C(m̄) was
recently solved in [55] for Black and Scholes markets and, herein, we extend
these results for the single factor model (37) and (38).

As far as the coupling is concerned, we assume that C : R ↔ R satisfies (127)
with

C ↑ C2(R), C(0) = 0,
and, for some constants k1, k2,K, L > 0 and all z ↑ R,
k1 < 1→ C

↔ (z) < k2 and (z → C (z))(↓1) ↘ Ke
Lz

2

.

(128)

We note that there is no assumption of monotonicity on C, which is one of the
key assumptions in many references in the MFG literature.
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In the sequel we provide a complete analysis of the value of the game, the mean
field equilibrium feedback control, and the optimal processes.

We start with (125) and find an x→independent smooth solution f : R ↓ P2 ↓
[0, T ] ↔ R to (117).

To this end, we use c given by (12) and introduce the auxiliary smooth function

q(y, t) =






→ 1
2

∫
t

0 cy (0, s) ds+
∫
y

0 c(ε, t)dε in (0,≃)↓ [0, T ] ,

→ 1
2

∫
t

0 cy (0, s) ds if (y, t) ↑ {0}↓ [0, T ],

→ 1
2

∫
t

0 cy (0, s) ds→
∫ 0
y
c(ε, t)dε in (→≃, 0)↓ [0, T ] .

(129)

Proposition 12. Assume (127) and (128). Then, (125) reduces to

ft +
1

2

(
fy + c

1→ fm̄

)2

fm̄m̄ +
fy + c

1→ fm̄
fym̄ +

1

2
fyy = 0 in R↓ R↓ [0, T ) ,

f (y, m̄, T ) = C (m̄) ,

(130)

which has a unique smooth solution given, for (y, m̄, t) ↑ R↓ R↓ [0, T ], by

f(y, m̄, t) = m̄→ (g (y, ·, t))(↓1) (y, m̄, t)→ q(y, t), (131)

where g solves, for q as in (129) and each m̄ ↑ R,
{

gt +
1
2gyy = 0 in R↓ [0, T ) ,

g(y, m̄, T ) = (·→ C(·)→ q(y, T ), y, T )(↓1) (m̄, y, T ) .
(132)

Furthermore,
1→ fm̄ > 0 in R↓ R↓ [0, T ] . (133)

Proof. We show first that (130) can be reduced to (134) below, which corre-
sponds to the case c(y, t) = 0 in R↓ [0, T ] . Then, we construct a unique smooth
solution to (134) and define f̂ as in (135). In turn, we show that f̂ solves (130)
with f̂ (y, m̄, T ) = C(m̄), and that it is smooth. Thus, by the uniqueness of
viscosity solutions, it coincides with f.

Let q(y, t) be as in (129), and consider the solution h = h(y, m̄, t) to

ht +
1

2

(
hy

1→ hm̄

)2

hm̄m̄ +
hy

1→ hm̄

hym̄ +
1

2
hyy = 0 in R↓ R↓ [0, T ] ,

h (y, m̄, T ) = C(m̄) + q(y, T ).

(134)

We assume for now that (134) has a unique smooth solution, a fact that we will
verify at the end of the proof, and we introduce f̂ : R↓ R↓ [0, T ] ↔ R given by

f̂ (y, m̄, t) = h (y, m̄, t)→ q(y, t) in R↓ R↓ [0, T ] , (135)
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and claim that it solves (130).

Since f̂(y, m̄, T ) = C(m̄) is obvious, we show that it solves the pde in (130).

We first recall that, since c (y, t) solves (81), we have
∫

y

0
ct(ε, t)dε = →1

2
cy(y, t) +

1

2
cy(0, t) in (0,≃)↓ [0, T ] ,

and, similarly,

∫ 0

y

ct(ε, t)dε = →1

2
cy(y, t) +

1

2
cy(0, t) in (→≃, 0)↓ [0, T ] .

Then, if y ⇑ 0,

f̂t = ht +
1

2
cy, f̂m̄ = hm̄, f̂y = hy → c, f̂m̄m̄ = hm̄m̄.

Inserting the above derivatives in (134) yields that f̂ solves (130) in [0,≃) ↓
R↓ [0, T ). A similar calculation yields the claim in (→≃, 0]↓ R↓ [0, T ).

To prove that h is the unique smooth solution to the terminal value problem
(134), we define, for each (y, t) ↑ R↓ [0, T ], the map g(y, ·, t) : R ↔ R by

g(y, m̄, t) = (·→ h (y, ·, t))(↓1) (y, m̄, t) in R↓ R↓ [0, T ] ,

and claim that, for each m̄ ↑ R, g(·, m̄, ·) is a solution to

gt +
1

2
gyy = 0 in R↓ [0, T ) ,

g (y, m̄, T ) = (·→ F (·)→ p(y, T ), y, T )(↓1) (y, m̄, T ) .
(136)

Since the terminal condition follows trivially, we only need to show that g sat-
isfies the equation in (136).

Let N : R↓ R↓ [0, T ] ↔ R be defined as

N(y, m̄, t) = m̄→ h(y, m̄, t). (137)

Then, N solves the terminal value problem

Nt +
1

2

(
Ny

Nm̄

)2

Nm̄m̄ → Ny

Nm̄

Nym̄ +
1

2
Nm̄m̄ = 0 in R↓R↓ [0, T ) ,

N(y, m̄, T ) = m̄→ F (m̄) + c(y, T ).

(138)

The definitions of h and g imply that N (y, g(y, m̄, t), t) = m̄. In turn, evaluating
equation (138) at g(y, m̄, t) and using the above yields

→ gt

gm̄
+

1

2

(
(gy)

2
Nm̄m̄ + 2gyNm̄y +Nyy

)
= → 1

gm̄

(
gt +

1

2
gyy

)
= 0.
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To conclude, we consider the terminal value problem (136) with q(y, T ) as in
(129) for t = T. Then, g is smooth and, furthermore, the maximum principle
yields gm̄ > 0 in R↓ R↓ [0, T ] . Thus, g is invertible in m̄, and its inverse

g (y, ·, t)(↓1) (y, m̄, t) = N (y, m̄, t) is well defined and smooth. In turn, (137)
yields that h is well defined and smooth, and (131) follows.

The rest of the proof follows.

Next, we construct the mean field equilibrium processes, X↑ and ϖ
↑
.

Proposition 13. Let f as in Proposition 12, k as in (13) and introduce the
map G : R↓ R↓ [0, T ] given by

G(y, m̄, t) = (·→ f(y, ·, t))(↓1) (y, m̄, t) . (139)

The mean field value is given by

U(x, y,m, t) = →e
↓(x↓f(y,m̄,t))+k(y,t) in R↓ R↓ [0, T ] . (140)

The mean field equilibrium process, X↑
, is represented, for 0 ↘ t ↘ s ↘ T , as

X
↑
s
= x→ f (y, m̄, t) + Lt,s + f (Ys, G(Ys, x→ f (y, m̄, t) + Lt,s, s), s) , (141)

with the process L defined in (9). Alternatively, for 0 ↘ t ↘ s ↘ T ,

X
↑
s
= X x↓f(y,m̄,t),↑

s
+ f

(
Ys, G(Ys,X x↓f(y,m̄,t),↑

s
, s

)
, s)

= X x↓f(m̄,y,t),↑
s

+ E
(
Ys,X x↓f(m̄,y,t),↑

s
, s

)
,

(142)

where, for (y, m̄, t) ↑ R↓ R↓ [0, T ],

E (y, m̄, t) = f(y,G(y, m̄, t), t), (143)

and X x↓f(y,m̄,y,t),↑ is the optimal wealth in the single agent problem (40), start-
ing at x→ f (y, m̄, t); see (86).

Moreover,

X̄
↑
s
= G(Ys, x→ f (y, m̄, t) + Lt,s, s) in R↓ R↓ [t, T ] ,

and the mean field equilibrium control process, ϖ↑
, is given, 0 ↘ t ↘ s ↘ T , by

ϖ
↑
s
=

fy


Ys, X̄

↑
s
, s

+ c(Ys, s)

1→ fm̄


Ys, X̄

↑
s
, s
 . (144)

Proof. From (124) we have

ϖ
↑
s
= ϖ

↑ 
Ys, X̄

↑
s
, s

=

fy


Ys, X̄

↑
s
, s

+ c(Ys, s)

1→ fm̄


Ys, X̄

↑
s
, s
 ,
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with X̄
↑
t
= m̄, which is well defined in view of (133). Using the above and (122)

yields, for 0 ↘ t ↘ s ↘ T,

dX
↑
s
=

fy


Ys, X̄

↑
s
, s

+ c(Ys, s)

1→ fm̄


Ys, X̄

↑
s
, s
 (b(Ys, s)ds+ dWs) ,

with X
↑
t
= x and, thus,

dX̄
↑
s
=

fy


Ys, X̄

↑
s
, s

+ c(Ys, s)

1→ fm̄


Ys, X̄

↑
s
, s
 (b(Ys, s)ds+ dWs) in (t, T ) X̄

↑
t
= m̄. (145)

Applying Itô’s formula to f

Ys, X̄

↑
s
, , s


and using (130) gives

df

Ys, X̄

↑
s
, s

= fm̄


Ys, X̄

↑
s
, s

dX̄

↑
s
+ fy


Ys, X̄

↑
s
, s

dYs.

Using (145) and regrouping terms we obtain

df

Ys, X̄

↑
s
, s

= b(Ys, s)

(
fy


X̄

↑
s
, Ys, s


+ fm̄


X̄

↑
s
, Ys, s


c(Ys, s)

1→ fm̄


X̄↑

s
, Ys, s


)
ds

+
fy


X̄

↑
s
, Ys, s


+ fm̄


X̄

↑
s
, Ys, s


c(Ys, s)

1→ fm̄


X̄↑

s
, Ys, s

 dWs.

Therefore, with the process L as in (9),

d(Xx,↑
s

→ f

Ys, X̄

↑
s
, s

) = b(Ys, s)c(Ys, s)ds+ c (Y, s) dWs = dLt,s.

It follows that

X
↑
s
→ f


Ys, X̄

↑
s
, s

= x→ f (y, m̄, t) + Lt,s,

and, in turn,
X̄

↑
s
= G(Ys, m̄→ f (y, m̄, t) + Lt,s, s).

To show (142), we use (143) and recall (98).

5.3 General utility and couplings linear in the mean of
peers’ wealth

We consider general utilities J satisfying (42) and linear couplings, that is, for
each m ↑ P2 and ϱ ↑ (0, 1),

C(m) = ϱm̄. (146)

First, we observe that
f (y, m̄, t) = ϱm̄, (147)

is a smooth solution to (117) and, since 1 → fm̄(y,m, t) = 1 → ϱ > 0 in
R↓ R↓ [0, T ] , it is the unique smooth solution.

38



Since the optimality condition (118) reduces to

ϖ
↑(x, y,m, t)→ ϱ

∫
ϖ
↑(z, y,m, t)dm(z) = ω

↑(x→ ϱm̄, y, t),

with ω
↑(x, y, t) as in (87), it follows that

∫
ϖ
↑(z, y,m, t)dm(z) =

1

1→ ϱ

∫
ω
↑(z → ϱm̄, y, t)dm(z),

and, thus, for each (x, y,m, t) ↑ R↓ R↓ P2 ↓ [0, T ],

ϖ
↑ (x, y,m, t) = ω

↑ (x→ ϱm̄, y, t) +
ϱ

1→ ϱ

∫
ω
↑ (z → ϱm̄, y, t) dm (z) . (148)

Then, with u as in (40) and using (119) and (147), we obtain

U(x, y,m, t) = u (x→ ϱm̄, y, t) . (149)

To construct the optimal mean field and portfolio processes, we note that it
follows from (122) and (148), that X↑ solves

dX
↑
s
= b(Ys, s)

(
ω
↑(X↑

s
→ ϱX̄

↑
s
, Ys, s) +

ϱ

1→ ϱ

∫
ω
↑(z → ϱX̄

↑
s
, Ys, s)dm

↑
s
(z)

)
ds

+

(
ω
↑(X↑

s
→ ϱX̄

↑
s
, Ys, s) +

ϱ

1→ ϱ

∫
ω
↑(z → ϱX̄

↑
s
, Ys, s)dm

↑
s
(z)

)
dWs,

with X
↑
t
= x and X̄

↑ as in (123). Therefore,

dX̄
↑
s
=

1

1→ ϱ
b(Ys, s)

(∫
ω
↑(z → ϱX̄

↑
s
, Ys, s)dm

↑
s
(z)

)
ds

+
ϱ

1→ ϱ

(∫
ω
↑(z → ϱX̄

↑
s
, Ys, s)dm

↑
s
(z)

)
dWs,

with X̄
↑
t
= m̄.

It follows that X↑
t
→ ϱX̄

↑
t
= x→ ϱm̄ and, for 0 ↘ t ↘ s ↘ T ,

d

X

↑
s
→ ϱX̄

↑
s



= b(Ys, s)ω
↑(X↑

s
→ ϱX̄

↑
s
, Ys, s)ds+ ω

↑(X↑
s
→ ϱX̄

↑
s
, Ys, s)dWs.

Working as in the proof in Theorem 7, we obtain that the sde above, which is
autonomous in the argument X↑ → ϱX̄

↑
, has a unique strong solution, given by

X
↑
s
→ ϱX̄

↑
s
= H

(
H

(↓1) (x→ ϱm̄, y, t) + Lt,s, Ys, s

)
, (150)

with the process L as in (9) and the function H solving (10).
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Next, averaging with regards to m
↑ and using the separability of the initial

condition x → ϱm̄ from the common noise in the process X
↑ → ϱX̄

↑ above, we
obtain, with m

↑
t
= m, that

X̄
↑
s
=

1

1→ ϱ

∫
H

(
H

(↓1) (x→ ϱm̄, y, t) + Lt,s, Ys, s

)
dm(x). (151)

The representation (86) for the optimal wealth in the single agent optimization
problem (40) implies that, for s ↑ [t, T ],

∫
H

(
H

(↓1) (x→ ϱm̄, y, t) + Lt,s, Ys, s

)
dm(x) =

∫
X x↓ϖm̄,↑

s
dm(x). (152)

Combining (150), (151) and (152), we obtain that the mean field equilibrium
wealth process is given by

X
↑
s
= H

(
H

(↓1) (x→ ϱm̄, y, t) + Lt,s, Ys, s

)

+
ϱ

1→ ϱ

∫
H

(
H

(↓1) (x→ ϱm̄, y, t) + Lt,s, Ys, s

)
dm(x).

In other words, reinstating the appropriate initial conditions we have, for
0 ↘ t ↘ s ↘ T , the decomposition

X
x,↑
s

= X x↓ϖm̄,↑
s

+ ϱX̄
m̄,↑
s

= X x↓ϖm̄,↑
s

+
ϱ

1→ ϱ

∫
X x↓ϖm̄,↑

s
dm(x). (153)

To construct the associated mean field equilibrium control process, we observe
that, for 0 ↘ t ↘ s ↘ T ,

ϖ
↑
s
= ϖ

↑ (X↑
s
, Ys,m

↑
s
, s)

= ω
↑ 

X
↑
s
→ ϱX̄

↑
s
, Ys, s


+

ϱ

1→ ϱ

∫
ω
↑ 

z → ϱX̄
↑
s
, Ys, s


dm

↑
s
(z) .

(154)

From (150) and the second equality in (92), we obtain

ω
↑ 

X
↑
s
→ ϱX̄

↑
s
, Ys, s


= ω

↑
(
H

(
H

(↓1) (x→ ϱm̄, y, t) + Lt,s, Ys, s

)
, Ys, s

)

= ω
↑ X x↓ϖm̄,↑

s
, Ys, s,


= ω

x↓ϖm̄,↑
s

,

the optimal process of the single agent problem (40) starting at (x→ ϱm̄, y, t).

Thus,
∫

ω
↑ 

z → ϱX̄
↑
s
, Ys, s


dm

↑
s
(z) =

∫
ω
↑ X x↓ϖm̄,↑

s
, Ys, s


dm(x) =

∫
ω
x↓ϖm̄,↑
s

dm(x),

and conclude that the mean field equilibrium policy is represented as

ϖ
x,↑
s

= ω
x↓ϖm̄,↑
s

+
ϱ

1→ ϱ

∫
ω
x↓ϖm̄,↑
s

dm(x). (155)
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We can interpret the above optimal processes as follows. At time t, the repre-
sentative agent starts at x, and splits it to x1 = x→ ϱm̄ and to x2 = ϱm̄. Using
x1, she follows the optimal policy ω

x1,↑ as in (40), which generates the process

X
x1,↑
1,s = H

(
H

(↓1) (x1, y, t) + Lt,s, Ys, s

)
.

With the remaining x2, she follows policy ϖ

1↓ϖ

∫
ω
x↓ϖm̄,↑
s

dm(x), obtaining

X
x2,↑
2,s =

ϱ

1→ ϱ

∫
ω
↑
(
H

(
H

(↓1) (x1, y, t) + Lt,s, Ys, s

)
, Ys, s

)
dm(x)

=
ϱ

1→ ϱ

∫
X x↓ϖm̄,↑

s
dm(x).

We note that ϖ

1↓ϖ

∫
ω
x↓ϖm̄,↑
s

dm(x) is a feasible policy but not optimal.

5.4 Separable payo!s and connection with indi!erence val-
uation and arbitrage-free pricing

We conclude by relating and interpreting the results for separable payo!s using
elements from indi!erence valuation and arbitrage-free pricing. For the reader’s
convenience, we recall the notion of indi!erence price which, to avoid cumber-
some notation, we present somewhat informally (we refer the reader to [17] and
[49] for a general overview of the area).

Let ZT be a given claim, represented as an FY

T
→measurable random variable

and introduced at t. Then, its so-called writer’s value function is defined as

w
Z(x, y, t) = sup

A
EP

[
J(XT → ZT )| Xt = x, Yt = y,FY

t

]
,

with X and Y solving (39) and (38).

At time t, the indi!erence price of ZT , denoted by pt(ZT ), is defined as the
spatial input pt(ZT ) ↑ FY

t
such that, a.s. in R↓ R↓ [0, T ],

w
0(x, y, t) = w

Z(x+ pt(ZT ), y, t).

In other words, pt(ZT ) makes the agent ”indi!erent” between (i) investing op-
timally in the underlying market without the claim (ZT ↗ 0) and (ii) receiving
compensation pt(ZT ) at initiation time t, investing optimally in the same market
and rendering ZT at expiry time T .

We are also interested in the indi!erence price process ps (ZT ) , 0 ↘ t ↘ s ↘ T,

and the sde satisfied by it, with pT (ZT ) = ZT .

In the general case of incomplete markets, calculating the indi!erence price pro-
cess is a taunting task as the process ps(ZT ) is, in general, path-dependent and
incorporates in a complicated way both the market dynamics and the writer’s
wealth.
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If, however, the market is complete, as the one herein, and under mild inte-
grability assumptions on ZT , it can be shown that its indi!erence price process
coincides with its so-called arbitrage-free price, which is given, for 0 ↘ t ↘ s ↘ T ,
by the martingale

ps(ZT ) = EQ[ZT | FY

s
]. (156)

The measure Q is the unique, absolutely continuous to the (physical) measure P,
that makes the (discounted) stock price a martingale1. It then follows, from the
martingale representation theorem and the definition of Q, that we can obtain
the decomposition

dps(ZT ) = hsdW
Q
s

= bhsds+ hsdWs for s ↑ (t, T ) and pT (ZT ) = ZT ,

with W as in (36) and some process h, known as the ”indi!erence hedge”.

Furthermore, it can be shown that the above sde also coincides with the actual
under P dynamics that generate claim ZT , that is, we have ps(ZT ) = Zs, or
equivalently, if the process Z solves

dZs = b(Ys, s)hsds+ hsdWs, Zt = z, 0 ↘ t ↘ s ↘ T,

then
ps(ZT ) = Zs in (t, T ) and pt(ZT ) = z.

We may now draw analogies with the quantities we obtain in the MFG problem
for the separable case (116). Viewing, at the optimum, the random variable
C (m↑

T
) as a claim, the value function u in (40) as w

0 and inspecting equality
(119), we write, with some abuse of notation,

u(x→f(y,m, t), y, t) = E
[
J(X x↓f(y,m,t),↑

T
)
∣∣∣X ↑

t
= x→ f(y,m, t), Yt = y

]

= E
[
J(Xx,↑

T
→ C(m↑

T
)
∣∣X↑

t
= x, Yt = y,m

↑
t
= m

]
= U(x, y,m, t).

(157)

In other words, we can think of the mean field game value U as the value of the
representative agent who starts with wealth x and ”writes” claim C(m↑

T
).

In turn, we interpret the mean field equilibrium optimal processes X↑ and ϖ
↑ as

follows. At time t, the representative agent splits the initial x into x→f(y,m, t)
and f(y,m, t). With initial wealth x → f (y,m, t), she implements the optimal
policy ω

x↓f(y,m,t),↑, given by (92) and rewritten below for convenience,

ω
x↓f(y,m,t),↑
s

= c(Ys, s)Hz(H
(↓1)(x→ f(y,m, t), y, t) + Lt,s, Ys, s)

+Hy(H
(↓1)(x→ f(y,m, t), y, t) + Lt,s, Ys, s).

This generates process X x↓f(y,m,t),↑ and, in particular, the random variable

X x↓f(y,m,t),↑
T

at terminal horizon T .

1
The reader familiar with arbitrage-free pricing may see the connection between the pricing

measure Q and the one appearing in the dynamics (46) of the auxiliary problem (47).
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In parallel, using the initial wealth f (y,m, t) , the representative agent follows
strategy C

↑ which generates C(m↑
T
) at T. In other words, the ”claim” C(m↑

T
)

admits the decomposition

C(m↑
T
) = f(y,m, t) +

∫
T

t

b(Ys, s)C
↑
s
ds+

∫
T

t

C
↑
s
dWs.

Therefore, the net wealth generated at T , starting at x, following policies
ω
x↓f(y,m,t),↑ and C

↑
, and fulfilling the liability C(m↑

T
) at T is given by

X
x,↑
T

→ C(m↑
T
)

= (x→ f (y,m, t)) + f (y,m, t) +

∫
T

t

b(Ys, s)
(
ω
x↓f(y,m,t),↑
s

+ C
↑
s

)
ds

+

∫
T

t

(ωx↓f(y,m,t),↑
s

+ C
↑
s
)dWs → C(m↑

T
) = X x↓f(y,m,t),↑

T
,

and this is precisely what the left hand side in (157) expresses.

One may erroneously think that the above arguments trivialize the MFG prob-
lem, in the sense that one could ”guess” (157) from starts and bypass the en-
tire analysis. This is, of course, not correct since, contrary to the traditional
indi!erence/arbitrage-free valuation problem, the claim in consideration C(m↑

T
)

is not a priori given. Rather, C(m↑
T
) is being created by the dynamic interaction

of the agents in [t, T ] and has initial value f(y,m, t) that needs to be found by
solving equation (117) and (118), or the autonomous equation (130) in subsec-
tion 5.2.

Finally, we comment that a Feynma-Kac-type representation of the function f

solving (117) is consistent with the arbitrage-free price of the claim C(m↑
T
) in

analogy to (156).

6 Conclusions

We revisited the classical optimal portfolio choice problem with partial infor-
mation and studied related mean field games of relative performance, with cou-
plings depending on the law of peers’ wealth. For the former problem, we intro-
duced an alternative solution approach and produced regularity and closed-form
represenations for the value function and the optimal processes, for general util-
ities.

For the MFG games, we allowed for general dependence of the couplings on
the law of peers’ wealth, and produced a master system, comprised by the
master equation and an optimality/compatibility condition of the mean field
equilibrium feedback policy.

For both problems, we studied representative cases and interpreted the corre-
sponding solutions.
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There are several extensions of this work. Firstly, the methodology developed
herein may be extended to complete market models with general factors, beyond
reduced models generated from partial observations. Such models incorporate,
for example, local volatility, predictable returns, and others, and have been
studied by various authors for homothetic utilities; see, among others, [38], [57]
and [58] for homothetic utilities.

Secondly, intermediate consumption and multi-assets may be, also, incorpo-
rated. It is expected that for separable payo!s, analogous connections with the
single agent problem will hold, but the form of equation (117) is not obvious.

Thirdly, the closed-form representations for the optimal wealth and portfolio
processes may be useful in studying the e!ects of collective investment behavior
on asset returns. For example, one may study the so-called crowding risk ([4],
[5], [20]) which arises when similar investment activity across many agents ends
up diluting value and performance.

In a di!erent direction, one may study MFG with relative performance defined
in a semi-finite domain, for example in [0,≃). In the absence of competition,
this case corresponds to non-negative wealth constraints. Generally speaking,
there are two distinct ways to incorporate competition, multiplicatively and
additively. The former was firstly modeled in [41] for the case of power utilities,
where the e!ects of peer performance was formulated as the geometric average
of the players’ wealth. For such couplings, the non-negativity constraint is
implicitly satisfied throughout, and the homotheticity of preferences allowed for
explicit solutions that led to random (contant in time) equilibria. This specific
case, power utilities and multiplicative-type couplings, was subsequently studied
by many authors, with representative references being listed in the bibliography.
However, the case of general utility and/or multiplicative couplings remains
open. If, on the other hand, the competition is additive, as the case herein, one
still expects a solution to be as in (24), that is,

U(x, t) = u(x→ f(y,m, t), y, t) (158)

where u is the solution of the single agent problem in [0,≃)↓ [0, T ] and f > 0
solving an equation like (25). However, the nonnegativity of the wealth argu-
ment in the right-hand-side above will result in U(x, t) defined in a time-evolving
(admissibility) domain of the form x ⇑ f(y,m, t), y ↑ R, m ↑ P2, and t ↑ [0, T ].
If the equation satisfied by f has a unique, smooth enough solution, the admis-
sibility domain can be fully characterized and representation (158) is expected
to hold.

In both semi-definite domain cases, with multiplicative or additive couplings,
it would be interesting to study the emerging indi!erence valuation problems
which, however, are expected to be non-standard. Indeed, it is not clear what
kind of ”claim” multiplicative couplings would result to, at mean field equilib-
rium. For the additive case, the di#culties are entirely di!erent, as questions
related to ”super-hedging”, wealth range and the dynamic price of the coupling
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at the optimum may be challenging even in the complete market herein. The
authors are currently working on both these directions.

Finally, incorporating idiosyncratic noise remains a challenging question, as the
linearization steps will not hold. The authors are currently working on the
exponential case and general couplings, allowing for individual stocks in addition
to the common one.
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